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Abstract
Rankwidth is a graph parameter introduced by Oum and Seymour, based on ranks of adjacency matrices over GF(2). We propose an alternative definition of rankwidth, based on the graph-theoretical notion
of H -joins, and give fast dynamic programming algorithms to solve optimization problems on graphs
of bounded rankwidth. Such algorithms are interesting since graphs of rankwidth at most k encompass
large classes of graphs, e.g., all graphs of treewidth k + 1 or branchwidth k or cliquewidth k , some
graphs of unbounded treewidth and branchwidth, and some graphs of cliquewidth 2k/2−1 − 1 .
We introduce a graph composition operation called H -join, indexed by a fixed bipartite graph H ,
and define the H -join decomposable graphs to be those having an H -join decomposition. We show that
any problem expressible in MSO1 -logic is fixed parameter tractable on an H -join decomposable graph
when parameterized by ρ(H) , the rank of the adjacency matrix of H . Given an H -join decomposition
of an n -vertex m -edge graph G we solve the Maximum Independent Set and Minimum Dominating
2
Set problems on G in time O(n(m + 2O(ρ(H) ) )) , and the q -Coloring problem in time O(n(m +
O(qρ(H)2 )
2
)) .
For any positive integer k we define a bipartite graph Rk and show that the graphs of rankwidth at
most k are exactly the Rk -join decomposable graphs. Moreover, a rank-decomposition of width k of
a graph is also an Rk -join decomposition of the graph. For a graph G of rankwidth k , given with its
1 2 9
width k rank-decomposition, this results in algorithms which, in O(n(m + 2 2 k + 2 k × k2 )) time solve
5 k2 + 29 k
4
the Maximum Independent Set problem on G , in O(n(m + 2 4
× k6 )) time solve the Minimum
q 2 5q+8
k
+
k
4
Dominating Set problem on G , and in O(n(m + 2 4
× k × q)) time solve the q -Coloring
problem on G . These are the first algorithms for NP-hard problems whose runtimes are less than double
exponential in the rankwidth k .

1

Introduction

Many variants of graph decompositions have been studied, like tree decompositions, modular decompositions, rank decompositions and split decompositions, see the recent survey paper by Hliněný et al [16]
for a good overview. Several decompositions define a graph “width” parameter, with the most important
from an algorithmic point of view being, in order of discovery: treewidth, branchwidth, cliquewidth and
rankwidth. The first two of these parameters are “less powerful” than the last two, in the sense that a
graph class has bounded treewidth iff it has bounded branchwidth [23], it has bounded cliquewidth iff it
has bounded rankwidth [21], and if it has bounded treewidth then it has bounded cliquewidth but not the
other way around [4]. The rankwidth of a graph is never larger than its cliquewidth, nor its branchwidth,
nor its treewidth plus one [20]. In this sense rankwidth, which has been investigated quite heavily in recent
years [6, 7, 15, 19, 20] and which is the focus of this paper, is the most powerful of the four parameters.
Many NP-hard graph optimization problems have fixed-parameter tractable (FPT) algorithms when
parameterized by these graph width parameters, see [16] for an overview. Such algorithms usually have two
† Supported
‡ Supported
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stages, a first stage computing the right decomposition of the input graph and a second stage solving the
problem using the decomposition. For a long time there was no good first stage algorithm for cliquewidth,
and rankwidth was in fact introduced originally as a tool to help compute a decomposition for cliquewidth
[19]. Recently, Hliněný and Oum found an FPT algorithm that given a graph G on n vertices and a
parameter k will decide if G has rankwidth at most k and if so output a rank decomposition of width
k in time O(f (k)n3 ) [15]. Between rankwidth rw(G) and cliquewidth cw(G) we have the connection
rw(G) ≤ cw(G) ≤ 2rw(G)+1 [21]. Moreover, a rank decomposition of width k of G can be turned into
a (2k+1 )-expression that is then used as the cliquewidth decomposition of G . Note that in going from
rankwidth to cliquewidth some exponential jump is required, as it follows by results of Corneil and Rotics
[4] that for any k there is a graph G with rankwidth k and cliquewidth at least 2k/2−1 − 1 . Because of
this exponential jump from rankwidth to cliquewidth it is clear that based on the first stage of the usual FPT
process rankwidth should be better suited than cliquewidth for getting the fastest possible algorithms. The
problem with rankwidth has been that the rank decomposition has until now not been known to be amenable
to the second stage that involves dynamic programming along the decomposition. In this paper we rectify
this situation, by showing how to enhance a rank decomposition with additional information that will make
it amenable to dynamic programming.
Our main tool is a new graph composition operation that we call H -join, indexed by a fixed bipartite
graph H . This operation adds edges between two given graphs by taking partitions of their two vertex sets,
identifying the classes of the partitions with vertices of H , and connecting classes by the pattern H . The
formal definitions are given in Section 2. We also define an H -join decomposition (T, δ) of a graph, where
T is a subcubic tree and δ is a bijection between the leaves of T and the vertex set of G , as in a rank
decomposition and in branch decomposition. A graph having an H -join decomposition will be called an
H -join decomposable graph. We define, for any positive integer k , a bipartite graph Rk having 2k vertices
in each color class, and show that the graphs of rankwidth at most k are exactly the Rk -join decomposable
graphs and that a rank decomposition of width k is an Rk -join decomposition.
In Section 3 we give dynamic programming algorithms that follow an H -join decomposition of a graph
G to solve various problems on G . We express the runtime of these algorithms as a function of the rank
ρ(H) of the adjacency matrix of H . Using the connection to rank decompositions this gives us algorithms
for graphs of bounded rankwidth that work directly on the rank decomposition. This allows designing
algorithms for various optimization problems on graphs of bounded rankwidth that are faster than those we
get by exploiting the connection between rankwidth and cliquewidth. The generic result of Courcelle et
al stating that any MSO1 -logic problem is FPT for bounded cliquewidth [5, 13] results in running times
that are at least double exponential in cliquewidth. For some problems faster FPT algorithms have been
designed, see e.g. [10, 12, 18, 22], but apart from the algorithm for Minimum Dominating Set in [18] they
all have a factor which is double exponential in cliquewidth, and thereby triple exponential in rankwidth.
For a graph of rankwidth k given with its rank decomposition, the result of [18] yields an algorithm solving
k
Minimum Dominating Set whose runtime will have a factor (22 )4 . For Maximum Independent Set one
k+1
can without too much effort design an algorithm with factor 22 . Our result significantly improves on
these algorithms by replacing the exponential factors in the exponent of the runtimes with a quadratic factor:
Theorem 1.1 For a graph G of rankwidth k , given with its rank-decomposition, we can solve the Maxi1 2
9
mum Independent Set problem in time O(n(m + 2 2 k + 2 k × k 2 )), the Minimum Dominating Set problem
q 2
5q+8
5 2
29
in time O(n(m + 2 4 k + 4 k × k 6 )), and the q -Coloring problem in time O(n(m + 2 4 k + 4 k × k × q)).

2

H-join decomposable graphs and rankwidth

Definition 2.1 Let H be a bipartite graph with color classes V1 and V2 , thus V (H) = V1 ∪ V2 . Let G
be a graph and S ⊆ V (G) a subset of its vertices. We say that G is an H -join across the ordered cut
(S, V (G) \ S) if there exists a partition of S with set of classes P and a partition of V (G) \ S with set
of classes Q, and injective functions f1 : P → V1 and f2 : Q → V2 , such that for any x ∈ S and
y ∈ V (G) \ S we have x adjacent to y in G if and only if x belongs to a class Pi of P and y to a class
Qj of Q with f1 (Pi ) adjacent to f2 (Qj ) in H . We say that G is an H -join across the non-ordered cut
2

{S, V (G) \ S} if G is an H -join across either (S, V (G) \ S) or (V (G) \ S, S).
Twins in a bipartite graph are vertices in the same color class having exactly the same neighbourhood.
A twin contraction is the deletion of a vertex when it has a twin. Notice that H -joins are insensitive to
twin contractions: if H 0 is obtained from H by a twin contraction then G is an H -join across some cut if
and only if G is an H 0 -join across the same cut. In the remainder of the paper we therefore assume that
H is a graph with no twins in the same color class. However, note that we do allow one isolated vertex in
each color class. We will decompose graphs by H -joins in a way analogous to branch decompositions. A
subcubic tree is an unrooted tree where all internal nodes have degree three.
Definition 2.2 Let T be a subcubic tree and δ a bijection between the leaf set of T and the vertex set of a
graph G . We say that (T, δ) is an H -join decomposition of G if for any edge uv of T we have G being
an H -join across the cut {Su , Sv } we get from the 2-partition of V (G) induced by the leaf sets of the
two subtrees we get by removing uv from T . A graph having an H -join decomposition will be called an
H -join decomposable graph.
One feature of studying such a tree-like decomposition is that we can think of the decomposition as the
collection of cuts of the initial graph given by the collection of edges of the subcubic tree. Under this standpoint, H -join decomposition is related to both modular decomposition [11] and split decomposition [9].
Indeed, saying M ⊆ V (G) is a module of G is exactly equivalent to saying that G is a P2+ -join across the
ordered cut (M, V (G) \ M ), where P2+ is obtained by adding an isolated vertex to the second colour class
of the bipartite graph P2 . Therefore we have for instance that a cograph – a graph where every induced
subgraph of at least four vertices has a non-trivial module – is always P2+ -join decomposable, and that a
P2+ -join decomposition of the cograph can be obtained from its modular decomposition tree by unrooting
the tree and subdividing arbitrarily all internal nodes of degree more than three. The link between modular
decomposition and H -join decomposition is reflected also in the definition of external module partitions
that will be fundamental when studying the partitions used for an H -join across a cut:
Definition 2.3 Let G be a graph and let S ⊆ V (G) be a vertex subset. An external module partition of S
is a partition P of S such that, for every z ∈ V (G) \ S and pair of vertices x, y belonging to the same
class in P , we have x adjacent to z if and only if y adjacent to z .
As for split decomposition, saying that a cut {S, V (G) \ S} is a split is exactly equivalent to saying
that G is a P2++ -join across {S, V (G) \ S} , where P2++ is obtained by adding one isolated vertex to each
colour class of the bipartite graph P2 . Here, we have a stronger fact than that with modular decomposition:
a graph is distance hereditary – meaning a graph where every induced subgraph of at least five vertices has a
non-trivial split – if and only if it is P2++ -join decomposable. Moreover, there is a straightforward manner
to obtain a P2++ -join decomposition from the split decomposition tree of the distance hereditary graph, and
conversely.
Other particular cases of H -join decompositions include the so-called 2 -join [8], and also the so-called
generalized join, itself a particular case of so-called 1 -separations [17]. More precisely, 2 -joins are related
to H -joins when H is equal to 2P2++ , the graph we obtain by adding one isolated vertex to each colour
class of the bipartite graph made by a disjoint union of two P2 . At the same time, Hsu’s generalized
joins are related to H -joins as soon as H admits orderings of colour classes V1 = (v11 , v12 , . . . , v1k+1 ) and
V2 = (v21 , v22 , . . . , v2k+1 ) such that NH (vi1 ) = {v21 , v22 , . . . , v2k+1−i } . Both 2 -join and Hsu’s generalized
join decompositions are important for decomposing perfect graphs, with the former decomposition playing
a central role in the recent proof of the strong perfect graph theorem by Chudnovsky et al [3]. This result
has been known as one of the major challenges in graph theory, and was conjectured by C. Berge half a
century ago.
We now turn to the strong connections between H -join decompositions and rank decompositions. We
first recall the definition of rankwidth. For any graph G , the cut-rank function ρG is defined over every
vertex subset X ⊆ V (G) as the rank of the X × V (G) \ X submatrix of the adjacency matrix of G . For
any pair (T, δ) with T a subcubic tree and δ a bijection between vertices of G and leaves of T , (T, δ) is
defined as a width r rank decomposition of G if for all edge uv in T , the cut-rank of Su is at most r ,
3

where {Su , Sv } is the 2-partition of V (G) induced by the leaf sets of the two subtrees we get by removing
uv from T . The rankwidth of G is the minimum r such that there exists a width r rank decomposition of
G.
Definition 2.4 For a positive integer k we define a bipartite graph Rk having for each subset S of
{1, 2, ..., k} a vertex aS ∈ A and a vertex bS ∈ B , with V (Rk ) = A ∪ B . This gives 2k vertices in
each of the color classes. Two vertices aS and bS 0 are adjacent iff |S ∩ S 0 | is odd.
Lemma 2.5 The function σG : 2V (G) → N defined by
σG (X) = min{k : G is an Rk -join of G across the cut {X, V (G) \ X} }
is equal to the cut-rank function ρG .
Theorem 2.6 (T, δ) is a width k rank decomposition of G if and only if (T, δ) is an Rk -join decomposition of G . Thus G is a graph of rankwidth at most k if and only if G is an Rk -join decomposable
graph.
The proof of Lemma 2.5 has been moved to the appendix. Theorem 2.6 follows directly from that
lemma. Now, the following straightforward observation shows how, on the other hand, H -join decompositions can be embedded in a rank decomposition of reasonable width.
Theorem 2.7 To any bipartite graph H we can apply twin contractions to get an induced subgraph of
Rρ(H) , where ρ(H) is the rank of the bipartite adjacency matrix of H . A consequence is that if G is an
H -join decomposable graph then G is also an Rρ(H) -decomposable graph. In other words, the rankwidth
of an H -join decomposable graph is at most ρ(H).
The above observation, though simple, implies that H -join decompositions inherit algorithmic results
of rank decompositions. For instance, we immediately get the following.
Theorem 2.8 Any problem expressible in monadic second-order logic with quantifications over vertex sets
( MSO1 -logic) can be solved in FPT time for H -join decomposable graphs when parameterized by ρ(H).
This follows since it is true when parameterized by cliquewidth [5], hence when parameterized by rankwidth
because of the bound between cliquewidth and rankwidth, hence when parameterized by ρ(H) by Theorem
2.7. More generally, any FPT algorithm on an H -join decomposable graph that is parameterized by the
rankwidth of the graph is also an FPT algorithm when parameterized by ρ(H). Examples of problems
outside of MSO1 -logic include those addressed in [10, 12, 18, 22], however, note that some of the solutions
given therein do not have FPT runtime.
Applying the algorithm of [15] to an H -join decomposable graph G will in time O(f (k)n3 ) give an
Rρ(H) -join decomposition of G with the property that every H 0 -join across the cut defined by any edge of
the subcubic tree satisfies ρ(H 0 ) ≤ ρ(H). In the next section we give dynamic programming algorithms
that work along H -join decompositions, which by Theorem 2.6 are more general than rank decompositions.
For some H , like H = P2+ and H = P2++ the H -join decomposition is easy to compute, while for other
H we can assume a rank decomposition is given and apply Theorem 2.7.

3

Dynamic Programming

In this section we give dynamic programming algorithms to solve various problems on an H -join decomposable graph G , given with its H -join decomposition (T, δ). A potential drawback of defining H -join
decompositions simply as the pair (T, δ) is that for an edge uv of T we a priori do not know the partition
classes P of Su and Q of Sv mentioned in Definition 2.1, to confirm that G is an H -join across the cut
{Su , Sv } . We now show how to compute this information.
Given as input a graph G and a vertex subset S ⊆ V (G), we can compute a maximum external
module partition (see Definition 2.3) of S , which is well-defined by Lemma 3.1, using partition refinement
4

techniques: just initialize a partition as P = {S} ; then, for every exterior vertex z ∈ V (G) \ S , refine P
using the neighbourhood of z as pivot. These operations can be done in O(m) time, with m = |E(G)|,
since each refinement operation can be done in time proportional to the size of the pivot set (for more details
refer to [14]). The correctness is stated in the following lemma, whose simple proof has been moved to the
appendix.
Lemma 3.1 Let G be a graph and S be a vertex subset of V (G). The maximum (coarse-wise) external
module partition of S is well-defined and can be computed in O(|E(G)|) time.
Maximum external module partitions have the following property, essential for computational purposes
on H -join decompositions:
Proposition 3.2 Let (T, δ) be an H -join decomposition of G . Let Pu , Pv be the maximum external module partitions of respectively Su and Sv , where {Su , Sv } is the 2-partition of V (G) we get by deleting an
edge uv in T . Let Ru and Rv be two sets containing exactly one vertex per part in respectively Pu and
Pv and let H 0 be the bipartite graph defined by the bipartite adjacency in G between Ru and Rv . Then
H 0 is an induced subgraph of H , and therefore G is an H -join across the cut {Su , Sv } using partitions
Pu and Pv .
Proposition 3.2 follows mainly from the maximality of Pu and Pv , and the fact that if G is an H -join
across {Su , Sv } using partitions Qu and Qv , then Qu is an external module partition of Su . A more
detailed proof can be found in the appendix. For the dynamic programming, we subdivide an arbitrary edge
of T to get a new root node r , and denote by Tr the resulting rooted tree. The algorithms will follow
a bottom-up traversal of Tr . With each node w of Tr we associate a data structure table, that will store
optimal solutions to subproblems restricted to the graph G[Vw ], where Vw are the vertices of G mapped
to leaves of the subtree of Tr rooted at w . Each index of the table will be associated with a class of
subproblems. These classes of subproblems will be related to the following equivalence classes of vertex
subsets.
Definition 3.3 For a fixed graph G and vertex subset A ⊆ V (G), consider two vertex subsets X ⊆ A
and Y ⊆ A and define X ≡A Y if and only if N (X) \ A = N (Y ) \ A.
Note that ≡A is an equivalence relation on subsets of A , with two equivalent sets having the same
neighbors outside A. For a node a of Tr we will be interested in the equivalence relation ≡Va on Va ,
the subset of vertices of G mapped to leaves of the subtree of Tr rooted at a. We begin with showing
how to compute canonical representatives for the equivalence classes of ≡Va . By applying the previous
computation we have that the graph G is an H -join across the cut {Va , V (G) \ Va } using partitions Pa of
Va and Qa of V (G) \ Va , with Pa and Qa being maximum external module partitions. Consider arbitrary
orderings Pa (1), Pa (2), ..., Pa (h1) of the classes of Pa , and Qa (1), Qa (2), ..., Qa (h2) of the classes of
Qa . Let vi be an arbitrary element of Pa (i), for 1 ≤ i ≤ h1 , and let ui be an arbitrary element of
Qa (i), for 1 ≤ i ≤ h2 . Let H 0 be the bipartite graph induced by edges between the two vertex sets
of vi in H 0 . Besides,
{v1 , v2 , ..., vh1 } and {u1 , u2 , ..., uh2 } . Thus, NH 0 (vi ) will denote the neighbors
S
we will also denote the neighbourhood of a vertex subset by NH 0 (X) = x∈X NH 0 (x) \ X . ¿From
Proposition 3.2 we have H 0 an induced subgraph of H .
Given X ⊆ Va we compute a canonical representative canVa (X) for [X]≡Va , the equivalence class
of ≡Va containing X , as follows. First, compute the set XH 0 = {vi : X ∩ Pa (i) 6= ∅} . Then, initialize
canVa (X) and W to the emptyset. Finally, for i = 1 to h1 , if NH 0 (vi ) ⊆ NH 0 (XH 0 ) and NH 0 (vi )\W 6=
∅ then add vi to canVa (X) and add the vertices in NH 0 (vi ) \ W to W . Note that we could have broken
out of the for loop as soon as W = NH 0 (XH 0 ).
Lemma 3.4 For X ⊆ Va the algorithm given above computes a canonical representative R = canVa (X)
for the class [X]≡Va in time O(|X| + |E(H)|).
Proof We first prove that X and R are in the same class, namely that NG (X) \ Va = NG (R) \ Va .
Indeed, Pa is an external module partition of Va and thus for any v ∈ X with v ∈ Pa (i) we have
5

NG (v) \ Va = NG (vi ) \ Va . Thus NG (X) \ Va = NG (XH 0 ) \ Va . ¿From the test in the for loop we
have immediately that NH 0 (XH 0 ) = NH 0 (R). Since Qa is an external module partition of V (G) \ Va
we have that uj ∈ NH 0 (vi ) if and only if Qa (j) ⊆ NG (vi ) and thus NH 0 (XH 0 ) = NH 0 (R) implies that
NG (XH 0 ) \ Va = NG (R) \ Va which proves the claim. As for the uniqueness of R , for any Y ⊆ Va with
X ≡Va Y , we get canVa (X) = canVa (Y ) since the algorithm loops through the vertices v1 , v2 , ...vh1 in
fixed order. Finally, for complexity issues note that the first action of the algorithm takes time O(|X|), and
in the for loop we check every edge of the graph H at most once.
2
When expressing the complexity analysis in function of |E(H)| as in the above, it is important to check
that the assumption where H has no twins in the same colour class is well-behaved w.r.t. the analysis.
Basically, all situations in the paper where we need to take |E(H)| into account start with computing the
corresponding maximum external module partitions, e.g., Pa and Qa in the above, then take one representative vertex per class of the partitions, e.g., {v1 , v2 , ..., vh1 } and {u1 , u2 , ..., uh2 } in the above, and
after those steps the adjacency in G between the representative vertices can be used in order to express
the adjacency in H . Then, not only Proposition 3.2 states that the adjacency in G between the representative vertices then defines an induced subgraph of H , but also one can check that the adjacency in G then
defines a bipartite graph having no twins in the same colour class. Accordingly, the part of the runtime
denoted by |E(H)| does not change whether we suppose H to be twin-free or not and w.l.o.g. such a
supposition can be made. Situations where this consideration is important include the complexity analysis
given in the abstract where we assume H has no twins in the same colour class and use the naive bound
|E(H)| ≤ |V (H)|2 ≤ 22ρ(H) in order to give a bound for the analysis.
We now use linear algebra and show in the following result that the number of vertices in a canonical
representative of an equivalence class of ≡Va is at most ρ(H), the rank of the adjacency matrix of H . We
also bound neq , the number of equivalence classes of ≡Va , using the number of pairwise distinct subspaces
in a given space over GF (2). The latter number can be expressed using q -binomial coefficients. Then, by
using the q−analog of Pascal triangles, a bound for neq can also be obtained. The proof of the proposition
has been moved to the appendix.
Proposition 3.5 For any vertex subset X ⊆ Va , the number of vertices belonging to the canonical representative R = canVa (X) for the class [X]≡Va is at most ρ(H), the rank of the bipartite adjacency matrix
2
5
1
of H . Moreover, the number neq of equivalence classes of ≡Va is at most neq ≤ 2 4 ρ(H) + 4 ρ(H) ρ(H).
Roughly, our algorithmic idea behind the classification of subsets of Va w.r.t. the equivalence classes of
≡Va is to use the above upper bound for speeding up purposes. However, a potential drawback could come
if we would have to parse the subsets of Va in order to look for some equivalence class of ≡Va . Fortunately
enough, the previous definition of canonical representatives comes in handy for such a situation since there
is a fast and simple manner to output the list Ca containing all of them:
initialize the list Ca to contain {∅}
for i = 1 to h1
for all R ∈ Ca
if (R ∪ vi == canVa (R ∪ vi ))
add the set R ∪ vi to Ca
Theorem 3.6 R belongs to Ca if and only if R is a canonical representative of ≡Va . Moreover, Ca can
be outputted in O(h1 ∗ neq ∗ |E(H)|) time, where neq is the number of classes of ≡Va .
Proof (⇒) Since R is in Ca some R0 ∪vi = R must have passed the check “if ( R0 ∪vi = canVa (R∪vi ))”
hence, R is a canonical representative.
(⇐) Assume R is a canonical representative and vi is the element in R with highest index i. If R = {vi } ,
then R ∈ Ca . Assume inductively that this is true for all representatives of size less than |R|, then R
would be added to Ca iff R \ vi is in Ca and hence is a canonical representative. By definition of canonical
representatives NH 0 (R \vi ) 6= NH 0 (R), the only vertex that sees any nodes of X = NH 0 (R)\NH 0 (R \vi )
is vi . The algorithm computing canVa (R \ vi ) goes through the nodes v1 , v2 , ...vi−1 in the same way as
6

for canVa (R), they both only pick vertices in canVa (R \ vi ) since no node before vi sees any node in X .
This means canVa (R \ vi ) = canVa (R) \ vi = R \ vi hence R ∈ Ca . By induction the result follows.
The runtime follows from Lemma 3.4 since the calls to canVa (X) always satisfy |X| = O(|E(H)|).
2

3.1

Maximum Independent Set

We consider the problem of computing the size of a maximum independent set. The table data structure
Tab a associated with node a of Tr will then have an index set that contains all indices {can Va (X) : X ⊆
Va } , i.e. the elements of the list Ca . Recall from Proposition 3.5 that no canonical representative has more
than ρ(H) elements from v1 , v2 , ..., vh1 . The table Tab a associated with node a of Tr will actually have
index set consisting of all subsets of at most ρ(H) elements from 1, 2, ..., h1 , and an index corresponding
to a canonical representative R will have a pointer to R in the list Ca . This way we achieve O(1) accesses
to the table and also we can loop through all canonical representatives in |Ca | time.
For R = canVa (X) the contents of Tab a [R] after processing a should be the size of the largest independent set contained in the equivalence class of R , in other words
def

Tab a [R] = max {|S| : S ≡Va R ∧ ∀x, y ∈ S ⇒ xy 6∈ E(G)}
S⊆Va

At a leaf w of Tr associated to a node x of G we have a partition of Vw = {x} into two equivalence
classes and set Tab w [∅] = 0 and Tab w [{x}] = 1 . For an internal node w of Tr with children a and b
whose tables have already been processed, we process the table of w as follows:
initialize all values of Tab w to 0
for all indices Ra in Tab a and Rb in Tab b
if (Ra ∪ Rb is an independent set) then
Rw := canVw (Ra ∪ Rb )
Tab w [Rw ] := max{Tab w [Rw ], Tab a [Ra ] + Tab b [Rb ]}
Lemma 3.7 The table of an internal node w having children a, b is updated correctly.
Proof Let Rw be a canonical representative of ≡Vw . Assume I ⊆ Vw is an independent set such that
I ≡Vw Rw , we first show that Tab w [Rw ] ≥ |I|. Let Ia = I ∩ Va and Ib = I ∩ Vb . Clearly, Ia and Ib are
independent sets, and therefore by an inductive argument on the correctness of the tables of a and b we have
that Tab a [canVa (Ia )] ≥ |Ia | and Tab b [canVb (Ib )] ≥ |Ib |. The update procedure at node w will thus set
Tab w [canVw (canVa (Ia ) ∪ canVb (Ib ))] ≥ |Ia | + |Ib | = |I|. To conclude, we simply need to prove the claim
that Rw = canVw (canVa (Ia ) ∪ canVb (Ib )). By expressing canVa (Ia ) ≡Va Ia and canVb (Ib ) ≡Vb Ib , we
have N (canVa (Ia ) ∪ canVb (Ib )) \ Vw = N (Ia ∪ Ib ) \ Vw = N (I) \ Vw = N (Rw ) \ Vw , In other words,
Rw ≡Vw canVa (Ia ) ∪ canVb (Ib ), and this proves the claim since Rw is a canonical representative.
To conclude the lemma, we need to prove that if Tab w [Rw ] = k then there exists an independent set
I ⊆ Vw with |I| = k and I ≡Vw Rw . For this, note that the algorithm increases the value of Tab w [Rw ]
only if there exist indices Ra in Tab a and Rb in Tab b such that Ra ∪ Rb is an independent set. Moreover,
if Ia ≡Va Ra and Ib ≡Vb Rb , then the fact Ra ∪ Rb is an independent set can be used to prove that Ia ∪ Ib
is also an independent set.
2
At the root r of Tr we have Vr = V (G) and thus no outside neighbors to distinguish vertices into distinct equivalence classes, so that the single entry of its table will store the size of the maximum independent
set of G .
For the runtime note that we first computed, for each of the O(n) nodes of Tr , the maximum external
module partitions in O(m) time, the canonical representatives in time O(h1×neq ×|E(H)|) and filled the
table at this node in time O(neq 2 |E(H)|), where neq is the number of equivalence classes (loop over all
pairs). This gives a total runtime of O(n(m+neq 2 |E(H)|)). Using the bound on neq from Proposition 3.5
we thus get:
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Theorem 3.8 Given a graph G on n nodes and m edges, and an H -join decomposition (T, δ) of G , we
2
1
5
can in O(n(m + 2 2 ρ(H) + 2 ρ(H) ρ(H)2 |E(H)|)) time solve the Maximum Independent Set problem on G ,
where ρ(H) is the rank of the adjacency matrix of H .
Notice that the problem of finding a maximum clique of a given graph G can be solved by finding a
maximum independent set in G , the complement of G . Moreover, any H -join decomposition of G can
be used as an H -join decomposition of G , and besides ρ(H) ≤ ρ(H) + 1. Therefore, the Maximum
Clique problem can be solved using the “Independent Set” algorithm with a runtime bounded by O(n(m +
2
1
7
2 2 ρ(H) + 2 ρ(H) ρ(H)2 |E(H)|)).

3.2

Minimum Dominating Set and q-Coloring

We consider the problem of computing the size of a minimum dominating set. Naively generalizing from the
independent set algorithm we may think that the table at a node w of Tr should store the size of a smallest
dominating set D for G[Vw ]. However, unlike the case of independent sets we note that a dominating set D
will include also vertices of V (G) \ Vw that dominate vertices of Vw ’from the outside’. This complicates
the situation. Denote V (G) \ Vw by Vw . The main idea for dealing with this complication is to index
the table at w by two sets, one that represents the equivalence class under ≡Vw of D ∩ Vw that dominate
’from the inside’, and one that represents the equivalence class under ≡Vw of D ∩ Vw that help dominate
the rest of Vw ’from the outside’. In the table update procedure when we join two subgraphs to form a
bigger subgraph we use the union of ’the inside’ dominators as the ’inside’ dominator, and what remains
to be dominated ’from the outside’ is the union of what needed to be dominated ’from the outside’ in the
children minus the parts that the ’inside’ in one child dominates in the other child.
Definition 3.9 For X ⊆ Vw and Y ⊆ Vw we say that (X, Y ) dominates G[Vw ] if Vw is a subset of
X ∪ N (X) ∪ N (Y ).
For this algorithm, the table Tab w associated with a node w of Tr will have index set {canVw (X) ×
canVw (Y ) : X ⊆ Vw , Y ⊆ Vw } . We define the contents of Tab w [RX ][RY ] where RX = canVw (X) and
RY = canVw (Y ) as:
def

T abw [RX ][RY ] = minS⊆Vw {|S| : S ≡Vw RX ∧ (S, RY ) dominates G[Vw ]}.
At a leaf w of Tr corresponding to a vertex x of G , there are at most four entries in Tab w . Let
R = canVw (Vw ) then Tab w [{x}][R] = 1, T abw [{x}][∅] = 1, T abw [∅][R] = 0 and T abw [∅][∅] = ∞ . For
simplicity we assume that G is connected. Let a and b be two nodes of Tr with w their common parent.
Let Ha0 , Hb0 and Hw0 be the induced subgraphs of H across the cuts {Va , Va }, {Vb , Vb } and {Vw , Vw }
respectively. Similarly as in the computation of a canonical representative, let Pw be the maximum external module partition of Vw with Pw (1), Pw (2), . . . , Pw (h1) arbitrary ordering of its classes, and vi an
arbitrary element of Pw (i), for 1 ≤ i ≤ h1 . Given the two tables Tab a , T abb we compute Tab w as
follows:
initialize all values of Tab w to ∞
for all indices (Ra , Ra ) in Tab a and (Rb , Rb ) in Tab b do:
Rw := canVw (Ra ∪ Rb )
Na := NHa0 (Ra ) \ NHa0 (canVa (Rb )) and Nb = NHb0 (Rb ) \ NHb0 (canVb (Ra ))
if @x ∈ (Na ∪ Nb ) such that N (x) \ Vw == ∅ then
Nw = {vi : (Na ∪ Nb ) ∩ Pw (i) 6= ∅}
(dominating Na ∪ Nb in G from Vw is equivalent to dominating Nw in Hw0 )
for all Rw ∈ Cw , namely Rw a canonical representative of ≡V w , do:
if (Nw ⊆ NHw0 (Rw )) then
Tab w [Rw ][Rw ] := min(T abw [Rw ][Rw ], T aba [Ra ][Ra ] + T abb [Rb ][Rb ])
To see why these steps are performed note that Rw must dominate all nodes in G[Vw ] that are not
dominated by Rw . In G[Vw ] the set of nodes not dominated by Ra or Rb will be dominated by Rw iff
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(Na ∪ Nb ) is dominated by Rw . We look for Rw that dominate Na ∪ Nb by looping over all canonical
representatives in the equivalence class of ≡Vw and update the value of Tab w [Rw ][Rw ]. Those ideas are
formalized in the following theorem, whose proof has been moved to the appendix.
Theorem 3.10 The table at node w is updated correctly, namely T abw [Rw ][Rw ] ≤ s ≤ n iff ∃Sw :
|Sw | = s ∧ Rw ≡Vw Sw and (Sw , Rw ) dominates G[Vw ].
At the end we have a table Tab r at the root of Tr where G[Vr ] = G . We thus find the size of the
minimum dominating set of G stored in Tab r [canVr (Vr )][∅]. For O(1) access to tables we can use a
technique similar to the one used for Max Independent Set, but we leave out details.
Theorem 3.11 Given an H -join decomposition of an n -vertex m -edge graph G we can solve the Mini2
5
25
mum Dominating Set problem in O(n(m + 2 4 ρ(H) + 4 ρ(H) ρ(H)6 |V (H)|)). time, where ρ(H) is the rank
of the adjacency matrix of H .
Proof First, the computation of the maximum external module partitions associated with every node of Tr
takes O(nm) time. Also, the tables of all leaves are initialized in O(n) time.
Now, in the bottom-up process for each of the O(n) other tables, we compute the list of canonical
representatives in time O(|V (H)| × neq × |E(H)|) and we initialize to ∞ (or something higher than n )
in O(neq 2 ) time where neq is the number equivalence classes. Then, we go through all the O(neq 4 ) pairs
of entries in Tab a , T abb , and for each of them, we perform the following. We find Rw , Na , and Nb in
O(|E(H)|) time. The size of Na ∪ Nb is bounded by 2|V (H)| so that we compute Nw by identifying the
partition class of at most 2|V (H)| elements, at the same time we check if some node belong to the partition
class that have no neighbours. This means the first if test and the computation of Nw takes O(|V (H)|)
time. After this, we try all O(neq) values for Rw and check if Nw ⊆ NHw0 (Rw ) in O(|V (H)|ρ(H))
time since |Rw | ≤ ρ(H), the subsequent update takes constant time. Note that neq ≥ V (H) hence
neq|V (H)|ρ(H) ≥ |E(H)|. In summary, the bottom-up process takes O(neq 5 |V (H)|ρ(H)) time. Eventually, applying Proposition 3.5 allows to conclude.
2
For q -Coloring we can use the same ideas as for Maximum Independent Set. We want to find q disjoint
independent sets such that their union contains all vertices of the graph. For each color it suffices to keep
track of all vertices that are forbidden for that color. For this, we maintain for each color of the q colors
a canonical representative for the forbidden set. Then, in the table of node w of Tr , we store true if all
vertices of Vw is in one of the q independent sets. Therefore the table will have neq q entries and the
combining can be done in O(|E(H)| × q) time, in total this gives O(neq q |E(H)|q) time for each node of
Tr . Applying Proposition 3.5 we get
Theorem 3.12 Given an H -join decomposition of an n -vertex m -edge graph G we can solve the q q
5q
2
Coloring problem in O(n(m + 2 4 ρ(H) + 4 ρ(H) × ρ(H)q|E(H)|)) time, where ρ(H) is the rank of the
adjacency matrix of H .

4

Conclusion

Note that Theorem 1.1 follows from Theorems 2.7, 3.8, 3.12 and 3.11 since |E(Rk )| ≤ 22k . Graphs of
rankwidth at most k encompass large classes of graphs, e.g. all graphs of branchwidth or cliquewidth k ,
some graphs of unbounded branchwidth and some of cliquewidth 2k/2−1 − 1 . Besides, they are wellbehaved in the sense of having a recognition algorithm, based on geometric properties of the graphs, that is
fixed-parameter tractable when parameterized by k [15]. However, algorithms for solving NP-hard problems on graphs of bounded rankwidth had until now not been directly investigated. The alternative definition
of rankwidth given in this paper, using the notion of Rk -join decompositions, is useful both for visualization purposes and for developing such algorithms. For these algorithms we used the more general notion
of H -join decompositions that has connections to modular decompositions, split decompositions, perfect
graph decompositions, and rank decompositions. We have shown that given an H -join decomposition of a
9

graph G we can solve several NP-hard problems on G in FPT time when parameterized by the rank ρ(H)
of the adjacency matrix of H . For graphs of rankwidth k this gives algorithms having runtimes with a
factor exponential in the square of k which means that they could be practical for low values of k . Finally,
let us remark that the graph Rk has many interesting properties, and that graphs with a similar definition
based on a parity check appear in the book of Alon and Spencer [1] and recently also in [2].
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Appendix
Lemma 2.5 The function σG : 2V (G) → N defined by
σG (X) = min{k : G is an Rk -join of G across the cut {X, V (G) \ X} }
is equal to the cut-rank function ρG .
Proof Let k = ρG (X). There are several ways to view the graph Rk . Before proving the lemma, note
the following, where we slightly abuse the notation of Definition 2.4 by denoting the vertices arising from
a one-element subset S = {i} simply as ai and bi . We denote by Mk the bipartite adjacency matrix of
the bipartite graph Rk , meaning that its rows correspond to the vertices of one color class and the columns
to those of the other color class. Suppose that the vertices a1 , a2 , . . . , ak are mapped to rows in Mk :
again by abuse of notation, we can view vertex of Rk as the row/column it is mapped to in Mk . Clearly,
aS with S = ∅ is a linear combination of a1 , a2 , . . . , ak : choose scalar 0 for every vector. Let aS be
a vertex of Rk with S = i1 , i2 , . . . , ip . We can prove that in Mk , the row aS is the GF 2 -sum of the
rows ai1 , ai2 , . . . , aip : for every column bS 0 of Mk , |S ∩ S 0 | is odd iff there is an odd number of the iq
(1 ≤ q ≤ p ) which belong to S 0 , that is Mk has a 1 in the row aip and column bS 0 . The same holds for
b1 , b2 , . . . , bk . Note also that an arbitrary bipartite adjacency matrix is not necessarily symmetric but it is
clear here that
Claim: There is a way to swap the columns and rows of Mk to result in a symmetric matrix. Also, Mk
is of rank k and has the maximum size among the GF 2 -matrices of rank k .
Moreover, let us w.l.o.g. define Mk in such a way that {a1 , a2 , . . . , ak } are mapped (in this order) to the
first k rows of Mk while {b1 , b2 , . . . , bk } are mapped to the k first columns. This way, the first k × k
block of Mk is equal to the identity matrix of size k . We define Lk as the block of Mk made of the first
k rows. Clearly, Lk has 2k columns and has one column with only 0 ’s.
We now come to the actual proof of the lemma. We first prove that σG (X) ≤ k . Let M be the bipartite
adjacency matrix induced by X and V (G) \ X in G . A valid elimination in a matrix is a deletion of a
column (resp. a row) when the matrix has another column (resp. row) identical to the one we delete. This
corresponds to twin contractions in the graph defined by the matrix. Let us obtain N from M through a
maximal sequence of valid eliminations. This operation corresponds to the contraction with respect to some
external module partition. Then, in order to prove that G is an Rk -join across {X, V (G) \ X} , it suffices
to prove that the bipartite graph GN with bipartite adjacency matrix N is an induced subgraph of Rk . This
will be proved in two steps.
There can not be less than k rows in N . If the number of rows in N is exactly k , then we look at
N as a collection of columns. By maximality of the sequence of valid eliminations, all the latter columns
are pairwise distinct. Besides, if we look at Lk as a collection of columns, then by definition Lk contains
all possible k -bit vectors. Therefore, N (as a collection of columns) is a subset of Lk . Hence, GN is an
induced subgraph of the bipartite graph defined by Lk , and consequently it is an induced subgraph of Rk .
If the number of columns in N is exactly k , then by transposition we can conduct a similar argument to
conclude.
Otherwise we take k rows of N which induce a k -basis of the matrix N . Putting those k rows together
results in a matrix Z of k rows. Besides, the other rows of N are linear combinations of those k rows.
Therefore, the columns of Z are pairwise distinct otherwise there would be identical columns in N , which
contradicts the maximality of the sequence of valid eliminations. Then, the previous argument applies, and
every column of Z is a column of Lk : w.l.o.g. suppose Z is a block of Lk (otherwise swap columns).
Let T be a set of rows which contains all linear combinations of rows of Z . Now, the set of rows of Mk
contains every linear combination of rows of Lk , and Z is a block of Lk . Consequently, we can suppose
w.l.o.g. that T is a block of Mk (otherwise just swap rows). Then, the bipartite graph GT defined by T is
an induced subgraph of Rk . Besides, it is clear that every row of N belongs to T and GN is an induced
subgraph of GT . Hence, GN is an induced subgraph of Rk .
We now prove that ρG (X) ≤ σG (X). Let l = σG (X). We know there exists external module partitions
P and Q of X and V (G) \ X such that G is an Rl -join across {X, V (G) \ X} . Let Y and Z contain
one representative vertex per part in respectively P and Q. Then, the cut-rank value ρG (X) is equal to
the rank of the bipartite adjacency matrix M between Y and Z . Clearly, the graph defined by M is an
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induced subgraph of Rl from Proposition 3.2. Hence, the cut-rank value ρG (X) can not exceed that of
Rl , which is equal to l .
2
Lemma 3.1 Let G be a graph and S be a vertex subset of V (G). The maximum (coarse-wise) external
module partition of S is well-defined and can be computed in O(|E(G)|) time.
Proof Let P be a maximal external module partition of S . Suppose it is not maximum, then there exists
an external module partition Q of S such that there are some parts X ∈ P and
S Y ∈ Q such that X and
Y overlap. Then, replace all Xi in P which overlap (or included in) Y by i Xi ∪ Y , and obtain P 0 .
Using the transitivity of the relation on x, y for a given z : “x and y are linked to z the same way” , we
can prove that P 0 is an external module partition that is coarser than P . Contradiction.
To achieve the proof, it suffices to prove that the above description computes correctly a maximum
external module partition. That the computation results in an external module partition is straightforward
from an argument by contradiction. Moreover, the partition is maximum since, for every external module
partition of S , for every exterior vertex z ∈ V (G) \ S , the neighbourhood of z does not overlap any part
in the external module partition.
2
Proposition 3.2 Let (T, δ) be an H -join decomposition of G . Let Pu , Pv be the maximum external module partitions of respectively Su and Sv , where {Su , Sv } is the 2-partition of V (G) we get by deleting an
edge uv in T . Let Ru and Rv be two sets containing exactly one vertex per part in respectively Pu and
Pv and let H 0 be the bipartite graph defined by the bipartite adjacency in G between Ru and Rv . Then
H 0 is an induced subgraph of H , and therefore G is an H -join across the cut {Su , Sv } using partitions
Pu and Pv .
Proof Straight from Definition 2.1 we have that G is an H 0 -join across {Su , Sv } using Pu and Pv .
Besides, since (T, δ) is an H -join decomposition of G , G is also an H -join across {Su , Sv } . This latter
H -join uses some partitions of Su and Sv , say Qu and Qv . Let F be the subgraph of H which is
induced by the image of Qu and Qv by the injections f1 and f2 as defined in Definition 2.1. Clearly
G is an F -join across {Su , Sv } using partitions Qu and Qv and F is an induced subgraph of H 0 . It is
straightforward to check that Qu and Qv are external module partitions. ¿From Lemma 3.1, Pu (resp.
Pv ) is coarser than Qu (resp. Qv ). We deduce that H 0 is an induced subgraph of F , and thus also of H ,
which is obtained by some successive twin contractions of F . ¿From the fact that G is an H 0 -join across
{Su , Sv } using Pu and Pv , for an induced subgraph H 0 of H , it follows by Definition 2.1 that G is an
H -join across {Su , Sv } using Pu and Pv .
2
Proposition 3.5 For any vertex subset X ⊆ Va , the number of vertices belonging to the canonical representative R = canVa (X) for the class [X]≡Va is at most ρ(H), the rank of the bipartite adjacency matrix
2
5
1
of H . Moreover, the number neq of equivalence classes of ≡Va is at most neq ≤ 2 4 ρ(H) + 4 ρ(H) ρ(H).
Proof Consider the bipartite adjacency matrix of the cut {Va , V (G) \ Va } of G : it defines a vector space
S of dimension ρ(H). We first prove that the vertices belonging to R , when considered as vectors of S ,
are linearly independent and therefore they span a subbasis of S which in particular implies their number
is at most ρ(H). For this just notice that, during the process of the algorithm to compute R = canVa (X),
whenever a vertex vi is added to canVa (X), it has to pass the check where NH 0 (vi ) \ W 6= ∅ . This check
ensures that vi cannot be obtained as a linear combination of the vertices already present in the current
canVa (X). Therefore, at the end of the process, all vertices belonging to R are linearly independent.
Hence, R is a subbasis of S , and its cardinality is at most ρ(H).
We now prove the claim that
ρ(H) 

neq ≤

X
i=1


 
m
Y
ρ(H)
n
1 − q n−i+1
.
, where
=
i
m q i=1 1 − q i
2
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n
, which is known under the name of the q -binomial coefficient
For this we use the folklore fact that m
q
of n and m , is exactly the number of different subspaces of dimension m of a given space of dimension n
n−i+1
over a finite field of q elements (roughly, 1−q1−qi is the number of choices of an ith vector that is linearly

n
is the number of subbasis which span
independent from the previously chosen ones). In other words m
q
pairwise distinct subspaces of dimension m in a given space of dimension n over GF (q). Now, another
consequence of the above proven fact on the canonical representative R is that every equivalence class of

Pρ(H)
≡Va contains at least one subbasis of S of dimension at most the dimension of S . There are i=1 ρ(H)
i
2
choices for such a subbasis. Hence that many choices for an equivalence class of ≡Va , which proves the
claim.

n
=
Let neq = a(ρ(H)). In order to conclude we can use the q−analog of Pascal triangles: m
q



n
n−1
m n−1
2
m q + m−1 q , for all m ≤ n, with the convention that m q = 0 if m < 0 or m > n . ¿From this

n
we firstly have that the highest number among m
, for all 0 ≤ m ≤ n , is when m = d n2 e . Therefore,
q

a(n) ≤ n × b(n) with b(n) = d nn e . Finally, still using the q -analog of Pascal triangles, one can check
2
q

5
n
1 2
that b(n) ≤ 2d 2 e + 1 × b(n − 1) ≤ 2 4 n + 4 n .
2
Theorem 3.10 The table at node w is updated correctly, namely T abw [Rw ][Rw ] ≤ s ≤ n iff ∃Sw :
|Sw | = s ∧ Rw ≡Vw Sw and (Sw , Rw ) dominates G[Vw ].
Proof Suppose w is a leaf of Tr . Let x be the corresponding vertex in G . Then Vw = {x} , therefore
there are only two possibilities, either x is part of the dominating set, or it needs to be dominated by some
other vertex, if neither happens we give the value ∞ to the entry. Suppose now that w is an internal node of
Tr with children a and b . Assuming Tab a and Tab b are correctly filled, we show that Tab w is correctly
filled.
(⇒) Each value in Tab w is a sum of one value from Tab a and one value from Tab b . We therefore
know there exist Sa and Ra such that (Sa , Ra ) dominates Ga and Sb and Rb such that (Sb , Rb ) dominates Gb such that Sa ∪ Sb = Sw and |Sw | = s is stored in T abw . Now we need to show (Sw , Rw )
dominates G[Vw ]:
For any node x in Va we show that x is dominated. We know x is dominated by (Sa , Ra ). There are
two types of nodes in Va , those dominated by Sa and those not dominated by Sa . Those dominated by
Sa will also be dominated by Sw , the rest are in N (Ra ). If x is also in N (Sb ) it is dominated by
Sw else it will be in Na , and hence a node vi with identical neighbourhood will be in Nw . So we have
x ∈ N (Rw ) ⇔ vi ∈ N (Rw ). Since Nw ⊆ N (Rw ), x is dominated. By a symmetric argument all nodes
in Vb are also dominated, hence (Sw , Rw ) dominates G[Vw ].
(⇐) Assume (Sw , Rw ) dominates G[Vw ] with Rw = canVw (Sw ) and |Sw | = s. We show how
T abw [Rw ][Rw ] was updated when parsing some entries Ra and Rb in the tables T aba and T abb . We
first need to properly define Ra and Rb . Let Sa = Sw ∩ Va , Sb = Sw ∩ Vb and Ra = canVa (Sa ) and
Rb = canVb (Sb ). Let Ra = canVa (Rw ∪ Rb ) and Rb = canVb (Rw ∪ Ra ). Clearly, Sw = Sa ∪ Sb and
therefore Rw = canVw (Ra ∪Rb ). By expressing the definition of Ra ≡Va Rw ∪Rb and Rb ≡Vb Rw ∪Ra ,
we obtain both
(
Na = (N (Ra ) \ N (Rb )) \ Va = (N (Rw ∪ Rb ) \ N (Rb )) \ Va ⊆ N (Rw )
Nb = (N (Rb ) \ N (Ra )) \ Vb = (N (Rw ∪ Ra ) \ N (Ra )) \ Vb ⊆ N (Rw )
Therefore, Na ∪ Nb ⊆ N (Rw ).
What remains to prove is that (Sa , Ra ) dominates Ga and (Sb , Rb ) dominates Gb . Let x be a node of
Va , then we show that x is dominated by (Sa , Ra ). There are three ways for x to be dominated in G[Vw ],
by Sa , by Sb or x ∈ N (Rw ). If x was dominated by Sa it still is dominated. Since N (Rw ∪ Rb ) \ Va =
N (Ra ) \ Va then x will be in N (Ra ) hence (Sa , Ra ) dominates Ga . A symmetric argument holds for
Vb , therefore (Sb , Rb ) dominates Gb .
2
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