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Abstract
We give a detailed description of some of the numerical results included in
the paper “A subclass of Generating Set Search with convergence to secondorder stationary points”, by Mark A. Abramson, Lennart Frimannslund and
Trond Steihaug. Specifically, we study basins of attraction for two functions
with saddle points for five different derivative-free optimization methods.
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Introduction

The purpose of this progress report is to report on numerical experiments
on two unconstrained optimization problems where methods risk terminating
at a saddle point, avoiding a nearby strict local minimizer. For visualization
purposes we have chosen problems with two unknowns.
The first problem is a modification of a problem suggested by Wolfe [10]. In
its unmodified form this problem has been used to show that gradient based
methods tend to converge to a saddle point. The modification will make
the function bounded below and introduce a local minimizer but not change
the region where gradient based methods converge to the saddle-point. The
second example is a modification of a function presented in [1], which has a
very narrow cone of negative curvature. Again the modification will make the
function bounded below and introduce local minimizers.
A generating set search method was introduced in [2] which was shown to
converge to second-order stationary points, and should therefore not experience problems on the test functions. It is compared with two methods which
do not have the same theoretical convergence properties.
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The methods

The three methods primarily used in testing, are GSS-CI, NEWUOA and
NMSMAX. We will briefly discuss two additional methods, MDSMAX and
fminsearch, in Section 5.

2.1

GSS-CI

This is the method presented in [2], and is based on the method of [3]. It can
be thought of as compass search (see e.g. [5]) with adaptive search directions.
Through finite difference computations using the function values at previously
sampled points, average curvature information is gathered in a Hessian-like
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matrix, and the eigenvectors of this matrix are then used as the search directions. The process is then repeated, so the search directions can change many
times. The method also gathers average slope information, and consequently
can perform Newton-like steps at regular intervals.
The initial search directions are chosen to be the positive and negative
coordinate vectors. Each pair of search directions (e.g. ±qi , where qi is a
search direction) has a step length δi associated with it. In our experiments
these are initially set to the same value, 0.2kx0 k1 , but they will be increased or
decreased individually depending on the success or failure of the search along
the corresponding pairs of search directions. A search is deemed successful it
it produces sufficient decrease, that is, if
f (x + δi qi ) < f (x) − ρ(δi ),
where ρ : R 7→ R is nondecreasing function satisfying a few technical requirements, outlined in [5]. In our implementation we use
ρ(δ) = 10−4 δ 2 .
The termination criterion is that the product of all the step lengths should be
less than or equal to a tolerance. In our experiments this is
n
Y

i=1

2.2

”n
“
δi ≤ 10−4 kx0 k1 .

NEWUOA

NEWUOA [8] is an interpolation method, where the number of interpolation
points can be determined by the user. The remaining degrees of freedom are
taken up by minimizing the Frobenius norm of the difference between one
Hessian approximation and the next.
An initial vector x0 ∈ Rn , the number m of interpolation points, and the
initial and final values of a trust region radius, namely ρbeg and ρend must be
provided by the user. The number of interpolation points m is a fixed integer
from the interval n + 2 ≤ m ≤ 12 (n + 1)(n + 2). It is recommended to use
m = 2n + 1 for efficiency. The initial interpolation points xi , i = 0, 1, 2, . . . , m,
have the property that kxi − x0 k2 = ρbeg , i = 1, 2, . . . , m, unless m > 2n + 1,
√
in which case this distance is 2ρbeg . The termination criterion is related to
the radius ρend .

2.3

NMSMAX

NMSMAX [4] is an implementation by Nicholas J. Higham of the classical
Nelder-Mead simplex method [7]. The user can choose whether the initial
simplex is right-angled or regular (with sides of equal length). The initial simplex size is not input by the user, but taken to be the order of max(kx0 k∞ , 1).
The method terminates when either the maximum number of function evaluations is reached, or when the relative size of the simplex, is below a certain
threshold. That is,
1
max kvi − v0 k1 ≤ tol.
max(1, kv0 k1 ) 1≤i≤n
Here v0 and vi , i = 1, . . . , n are the vertices of the simplex. In our experiments
we use tol = 10−6 kx0 k1 .
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The functions

The two functions are in two variables, are twice continuously differentiable
and bounded below.
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Figure 1: Level curves for the function (2).

3.1

Function I – A Narrow Positive Cone

The function (1) is a modification of a test function in [1]:
f (x, y) = (9x − y)(11x − y) +

x4
.
2

(1)

It has a saddle point at the origin, and two local minimizers at (x, y) =
±(1, 10). Level curves for this function can be seen in Figure 6.

3.2

Function II – Modified Wolfe Function

The second function (2) is a modified version of a test function due to Wolfe
[10]:
x3
y2
2
f (x, y) =
+
− (min[x, −1] + 1)3 ,
(2)
3
2
3
√
It has a saddle point at the origin and a minimum at (x, y) = (−2 − 2, 0).
Level curves for this function are shown in Figure 1. The original function
2
3
(not bounded below) is given by f (x, y) = x3 + y2 .
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Numerical experience

Region of Convergence The region of convergence of a stationary point
is the set of starting points for which a given method terminates close to the
stationary point. In addition to the input parameters for the methods we
need to specify the tolerance (or distance between) the terminating point and
the stationary point. A globally convergent method on a sufficiently smooth
function is characterized by for all starting points, the method will for any
ε > 0 generate an iterate xk so that k∇f (xk )k ≤ ε. However, the stopping
criteria of the implementation may be based on changes in the function values
or on the difference between two iterates. Even the case k∇f (xk )k ≤ ε will in
general not guarantee that the distance between the stationary point and xk
is small. We can thus expect that even if the methods terminate successfully,
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the distance to a stationary point will not be smaller than the tolerance for
some starting points. For simplicity we say that a method terminates at a
stationary point when it terminates at a point that satisfies the tolerance.

4.1

Function I

For this function we generate starting points in the fourth quadrant. The minimizers of the function are in the first and third quadrants, so we expect the
methods to terminate successfully at the minimizers if started in these quadrants. This is confirmed in the preliminary numerical testing. Furthermore,
because of the symmetry of the function we can choose either the second or
fourth quadrants, at least for GSS-CI and NEWUOA.

GSS-CI We discretize the area [−8, 0] × [0, 10], into a 201 × 201 grid of

points, and start the method with initial step length 0.2kx0 k1 for all directions,
and the termination criterion is that the product of all the step lengths should
be less than or equal to (10−4 kx0 k1 )n . (If x0 = 0 then nonzero values are
used.) The results are given in Figure 2. In the figure, a blue color means

Figure 2: GSS-CI on the function f = (9x1 − x2 )(11x1 − x2 ) + 21 x41 . The initial step
length is 0.2kx0 k1 for all directions, and the termination criterion that the volume
of the ellipsoid defined
Q by the scaled search directions should be proportional to
10−4 kx0 k1 , that is, i δi ≤ [10−4 kx0 k1 ]n . (The discretization is 201 × 201.)
that the method terminated close to (x, y) = (1, 10) for the corresponding
starting point, red color means termination close to (x, y) = (−1, −10). As
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one can see, the method does not terminate close to the saddle point for any
of these starting points. When starting at the origin, setting a nonzero step
length results in convergence to a minimizer.

NEWUOA We generate starting points on a 1001 × 1001 discretization

of the region [−8, 0] × [0, 10], and run NEWUOA with parameters ρbeg =
0.2kx0 k1 , and ρend = 10−5 kx0 k1 . (Once again, if x0 = 0 then nonzero values
are used.) The results are visualized in Figure 3. As before, blue color means

Figure
3:
Plot
of
basins
of
attraction
for
NEWUOA
on
f = (9x1 − x2 )(11x1 − x2 ) + 12 x41 , with ρbeg = 0.2kx0 k1 and ρend = 10−5 kx0 k1 .
(The discretization is 1001 × 1001.)
that the method terminated close to (x, y) = (1, 10) for the corresponding
starting point, red color means termination close to (x, y) = (−1, −10). In
addition, green means termination close to the origin, and orange means none
of the above. As one can see, the method does terminate close to the saddle
point for some starting points, and these points make up a small region on
the border between the basins of attraction of (x, y) = (1, 10) and (x, y) =
(−1, −10).
To check if the basins of attraction are sensitive to the termination criterion
we repeat the experiment, but this time with ρend = 10−6 kx0 k1 . The results
are given in Figure 4. As we can see in this figure, the starting points for
which the method terminates at the saddle point are still wedged between the
red and blue regions, but the green region is now much smaller.
Similarly, we test what happens with a looser convergence criterion, namely
ρend = 10−4 kx0 k1 . The results are in Figure 5. For this convergence criterion
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Figure 4: Decreasing ρend in NEWUOA to 10−6 kx0 k1 will basically not change the
region of convergence for the local minimizers, but the region of convergence to the
saddle-point gets smaller, squeezed between the regions of convergence to the local
minimizers. (The discretization is 1001 × 1001.)
the green region is much larger, and there are also large orange regions, which
correspond to termination no closer to any of the stationary points than 0.2.

NMSMAX For NMSMAX, we discretize the region [−10, 10] × [10, 10]
into a 201 × 201 grid. We choose a right-angled initial simplex. The size of
the initial simplex is not determined by the user, but we set the termination
criterion to be a simplex size of 10−6 kx0 k1 . The results, as well as level curves
of the function are given in Figure 6. As one can see, for about half the
fourth quadrant the method terminates at the saddle point, even though the
convergence criterion is quite strict. In addition, termination at the saddle
point occurs for points close to the negative y-axis , and along the line y = −x.
It is also interesting to note that in this case, the behavior in quadrants
two and four are not the same.

4.2

Function II

For this function we discretize the region [−4, 2] × [−2, 2] into a 601 × 401 grid.

GSS-CI Using the same parameter settings as for function I, GSS-CI once
again terminates at the (single) minimizer, so an attraction basin plot would
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Figure 5: Increasing ρend in NEWUOA to 10−4 kx0 k1 will force many starting points
not to be accepted as close to a stationary point. The regions are basically the same,
but the region of convergence for the saddle-point is larger. (The discretization is
1001 × 1001.)
simply be the region filled with one color. (When x0 = 0, nonzero step lengths
are used, and the method then converges to the minimizer.)

NEWUOA For this function we also use the same parameter values as
before, namely ρbeg = 0.2kx0 k1 and ρend = 10−6 kx0 k1 . The results are in
Figure 7. As one can see, there is a relatively large collection of points in the
first and second quadrants, for which the method terminates at the saddle
point at the origin.
To see if the cause of this behavior was the number of interpolation points
(2n + 1 in this case), we also tried a full quadratic model, by using six interpolation points. The results for this case are in Figure 8. As one can see, the
black region now has a different shape, but is located approximately in the
same position, and is of similar size.

NMSMAX For this function, NMSMAX terminates at the saddle point
for a few starting points on the y-axis only.
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Figure 6: Level curves of the function (1), and starting points for which NMSMAX
terminates at the saddle point at the origin, marked in black.

Figure 7: Level curves for the function (2) as well as starting points for which
NEWUOA terminates at the saddle point at the origin, marked in black.
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Figure 8: Level curves for the function (2) as well as starting points for which
NEWUOA terminates at the saddle point at the origin, marked in black. Number
of interpolation points m = 6.

5

The methods MDSMAX and fminsearch

We also conducted a brief test of the methods MDSMAX, which is an implementation by Nicholas J. Higham of the multidirectional search method due to
Virginia Torczon [9], and fminsearch [6], which is the Matlab implementation
of the Nelder-Mead method.

MDSMAX The results are reported in Figure 9 and Figure 10. For the
function (2) termination close to the saddle points rarely occurs, and when
it does the corresponding starting points lie along straight lines, one at the
upper right corner of Figure 10, and one on the y-axis close to the bottom of
the figure. However, MDSMAX has serious problems with stagnation on the
function (1), as can be seen in Figure 9.

fminsearch This method has few problems on these functions, except when
the starting points lie on one of the axes. For the function (1), 208 of the
40401 starting points result in termination close to the saddle point, 201 of
these 208 points being on the x-axis. For the function (2), 890 of the 241001
starting points result in termination close to the saddle point, all of these
on or immediately next to the y-axis. These results were obtained using the
standard convergence tolerances. Tightening the convergence criteria gives an
even more favourable result.
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Discussion

The simplex method [7] is one of the most used derivative free optimization
methods. In this note we have used the implementation NMSMAX. The
methods NEWUOA and NMSMAX may terminate close to the saddle point
while GSS-CI will not converge to the saddle point for these two examples.
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Figure 9: MDSMAX on the function f = (9x − y)(11x − y) + x2 . Red means termination close to (x, y) = (1, 10), blue means termination close to (x, y) = (−1, −10),
green termination close to the saddle point at the origin, and orange means stagnation. Regular simplex on the left, and right-angled simplex on the right.

3

2

Figure 10: MDSMAX on the function f = x3 + y2 − 23 (min[x, −1]+ 1)3 . Blue means
√
termination close to the minimum at (x, y) = (−2 − 2, 0), red means termination
close to the saddle point at the origin. Regular simplex on the left, right-angled
simpled on the right.
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This supports the theoretical convergence properties of GSS-CI. Similar testing of other implementations of the simplex method reveals that the method
may indeed terminate close to saddle points. The regions of convergence are
dependent on the the input parameters.
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Appendix: Making attraction basin plots
This appendix is used in the course Nonlinear optimization at the Department
of Informatics at the University of Bergen, Norway.
In order to make attraction basin plots we need a function and an optimization routine. Attraction basin is also called region of convergence. We say
that the region of convergence for a particular stationary point x∗ is all starting points x0 so that the methods terminate close to the stationary point x∗ .
When a method terminates, it can either be close to some stationary point or
too far away. Let xk be the final iterate (with the starting point x0 ) we have a
successful starting point if kx∗ − xk k ≤ εp . This is a proximity measure with
parameter εp .
Consider the function
f (x1 , x2 ) = (9x1 − x2 )(11x1 − x2 ) +

1 4
x .
2 1

It has three stationary points, minima at (x1 , x2 ) = ±(1, 10), and a saddle
point at the origin.
In Matlab the objective function can be:
function [y] = narrowValley(x);
y = (9*x(1) - x(2))*(11*x(1)-x(2)) + 0.5* x(1)^4;
return;
As the name suggests, it contains a very narrow valley which can trap an
optimization method to terminates in the valley away from the stationary
points.
As for the optimization routine, Matlab has a built-in method for unconstrained optimization without derivatives, called fminsearch. One of its calling
sequences is:
[x_opt,f_opt] = fminsearch(f,x0,options);
Here “options” is a Matlab structure which contains the options for fminsearch. It is created with the command optimset. The function is stored in
a file with the name narrowValley.m. If we wanted to minimize the function
starting at, say, (x1 , x2 ) = (−2, 2), we could write:
x0 = [-2 2]’;
f = @narrowValley;
myOptions = optimset(’TolX’,1e-6,’TolFun’,1e-6);
[x_opt,f_opt] = fminsearch(f,x0,myOptions);
Now the best x and corresponding f -value are stored in the two output variables. It it not strictly necessary to define and use the myOptions structure,
but the options used here make the convergence criteria more strict than the
default settings.

Solving the problem for many starting points With the objective
function defined and having selected an optimization method we are ready to
gather the data which will form the basis for the attraction basin plot. We
will discretize the area of interest by having vectors for the x- and y-values
used, and store a diagnostic value based on the proximity to the stationary
points in a matrix, A. This is done in the following code:
% Fineness of the discretization, larger is finer
grid_fineness = 200;
% Limits for x
xmax = 12;
xmin = -12;
dx = (xmax-xmin) / grid_fineness;
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% Limits for y
ymax = 12;
ymin = -12;
dy = (ymax-ymin) / grid_fineness;
% The discretization itself
x = xmin:dx:xmax;
y = ymax:-dy:ymin;
lx = length(x);
ly = length(y);
% Matrix for storing results
A = zeros(ly,lx);
% Stationary points, to be used in postprocessing.
% These depend on the objective function and must be
% known a priori.
xplus = [ 1 10]’;
xminus = [-1 -10]’;
xzero = [ 0
0]’;
% Values to be used for plotting
xplus_plotting_value = 10;
xminus_plotting_value = -10;
xzero_plotting_value = 0;
other_plotting_value = 5;
% The maximum distance we allow a termination point to have to a
% stationary point
proximity = 0.2;

% Run through all our starting points
for (i=1:ly),
for (j=1:lx),
% Current starting point
x0 = [x(j) y(i)]’;
% Set options for solver, may or may not depend on starting point
myOptions = optimset(’TolX’,1e-6,’TolFun’,1e-6);
% And off we go!
[best_x, best_f] = fminsearch(f, x0, myOptions);
% Our termination point is now in best_x, test for its
% proximity to the stationary points
if (norm(best_x-xplus) <= proximity),
A(i,j) = xplus_plotting_value;
elseif (norm(best_x - xminus) <= proximity),
A(i,j) = xminus_plotting_value;
elseif (norm(best_x - xzero) <= proximity),
A(i,j) = xzero_plotting_value;
else,
A(i,j) = other_plotting_value;
end;
end;
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end;

Plotting the results With the results now in a the matrix A we can
visualise the results using the Matlab command surf. This command can plot
both two- and three-dimensional plots, and by default uses OpenGL to do
this. This may cause Matlab to crash and cause the user to be logged out of
his/her session when doing this on the University of Bergen’s system. For this
reason, include the first line in the following code:
% to prevent OpenGL from crashing Matlab
figure; set(gcf,’renderer’,’zbuffer’);
% good to have on one line, otherwise view(2)
% can be effectively ignored
surf(x,y,A,’EdgeColor’,’none’); view(2)
xlabel(’x’); ylabel(’y’);
title(’Attraction basin plot’);
It may happen that Matlab seemingly ignores the commands xlabel, ylabel and
title. This is because the figure isn’t refreshed. This can be solved by running
these commands in a script instead of typing them manually. Alternatively,
all of these commands can be typed on one line. (This is also why the view
command is on the same line as the surf command.)
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