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Eksamen i MAT111 - Grunnkurs i Matematikk I
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Tillatne hjelpemiddel: Leerebok (Adams & Essex, Calculus — A Complete
Course) og kalkulator i samsvar med fakultetets reglar. Det er ogsa eit formelark
lagt ved eksamen.

Oppgavesettet er pa 2 sider og bestar av 10 oppgaver som alle tel likt. Les
ngye gjennom oppgavesettet. Alle svar skal grunngjevast. Det blir gitt godt
med poeng for riktig framgangsmate, sjglv om ein ikkje kjem fram til rett svar.

Oppgave 1:
Finn tangentlinja og normallinja i punktet (0,0) pa kurva gitt ved likninga

y? cos(2x) = sin(y) — .

Oppgave 2:

Vis ved induksjon at 8™ — 3™ er deleleg med 5 for alle heiltal n > 1.

Oppgave 3:

Finn konstanten C som gjer funksjonen

x 7152
et dt .
oy = [ e o
C nar x =0
kontinuerleg i 0.
Oppgave 4:

Bruk den formelle (“e-0”) definisjonen av grenser til a vise at
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Oppgave 5:
Skriv det komplekse talet

6 — 2i
z =
2 —4i
pa polarform, og finn 2'6.
Oppgave 6:
Bruk taylorpolynomet av grad 2 for funksjonen f(x) = - rundt 9 til & finne ei

vz
tilnserming til \/% Bruk sa restleddet F5(11) til & vise at tilnserminga faktisk

er for stor, og finn ei nedre grense for ——.
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Oppgave T:

Lgys initialverdiproblemet

dy _2°
de  y’
y(1) = —1.

Oppgave 8:
Loys det ueigentlege integralet

oo ex
—— dz.
/ln(2) (ew - 1)11

Oppgave 9:

Forklar korfor funksjonen f(x) = 2® — 322 + 42 — 1 definert i R har minst eitt
nullpunkt i intervallet I = [0,1]? Har f fleire nullpunkt? Kan du si om f har
ein inversfunksjon pa R?

Oppgave 10:

Er funksjonen
23sin(L) nar z # 0,
flay= {7 0] mare 7
0 nar x = 0,

deriverbar i 07 Viss ja, kva er f'(0)?
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Lars M. Salbu
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Tillatte hjelpemidler: Laerebok (Adams & Essex, Calculus — A Complete
Course) og kalkulator i samsvar med fakultetets regler. Det er ogsa et formelark
lagt ved eksamen.

Oppgavesettet er pa 2 sider og bestar av 10 oppgaver som alle teller likt. Les
ngye gjennom oppgavesettet. Alle svar skal begrunnes. Det blir gitt godt med
poeng for riktig fremgangsmate, selv om man ikke kommer frem til rett svar.

Oppgave 1:
Finn tangentlinjen og normallinjen i punktet (0,0) pa kurven gitt ved ligningen

y? cos(2x) = sin(y) — .

Oppgave 2:

Vis ved induksjon at 8" — 3™ er delelig med 5 for alle heltall n > 1.

Oppgave 3:

Finn konstanten C som gjgr funksjonen

x 7152
et dt .
oy = [ e o
C nar x =0
kontinuerlig i 0.
Oppgave 4:

Bruk den formelle (“e-0”) definisjonen av grenser til a vise at

14
lim — = 2.
x—T7 T



Oppgave 5:
Skriv det komplekse tallet

6 — 2i
z =
2—4i
pa polarform, og finn 2'6.
Oppgave 6:

Bruk taylorpolynomet av grad 2 for funksjonen f(z) = % rundt 9 til & finne en

tilneerming til \/% Bruk sa restleddet F5(11) til & vise at tilnsermingen faktisk
1

er for stor, og finn en nedre grense for R
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y(1) = -1

Oppgave 8:

oo ea:
——dx.
/1n(2) (er — 1t

Oppgave 9:

Los det uegentlige integralet

Forklar hvorfor funksjonen f(z) = 2® — 322 + 4z — 1 definert i R har minst ett
nullpunkt i intervallet I = [0,1]? Har f flere nullpunkt? Kan du si om f har en
inversfunksjon pa R?

Oppgave 10:

Er funksjonen
r3sin(L) nar z #0,
L S
0 nar x = 0.

deriverbar i 07 Hvis ja, hva er f/(0)?
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Lars M. Salbu



DIFFERENTIATION RULES
(10 +80) = /'@ +80

401\ __re
i (709) =~ (re)’

ELEMENTARY DERIVATIVES

L (ef@) = s

X

i (£2)- £00) — f6)g'(3)
il ()"

2 (r®8) = 1’80 + 7608
2 1(5) = 1'(2@)e'®)

d1_ 1 d .~ 1 d ., .
-l FrAE N e

d . d +_ » 4 el

Ec_e =e dxa =a*lna (a>0) dxlnx—x (x>0)
d . — . — 2

§ sinx = cosx ‘fix cosx = —sinx 2 tanx = sec’x

—_ = —_ = — —_ = — 2

I Secx = seextanx Iy oex csc x cot x 25 Cotx csc? x
isin"lx——l— —tan”lx——l— -d—!xl—snx— X
dx T /1-x2 dx T 14 x2 dx =58 “xl
TRIGONOMETRIC IDENTITIES '

sin® x 4+ cos?x = 1 sin(—x) = —sinx cos(—x) = cosx

sec?x = 1+ tan? x

csc?x =14 cot?x

sin(wr — x) = sinx

L (T
sin(— —x) =cosx
2

cos(r —x) = —cosx

(7-)=s
cos(——x)=sinx
2

t +
sin(x £ y) = sinx cosy & cosx siny cos(x & y) = cosxcosy Fsinxsiny tan(x + y) = fanx Ltany
1 Ftanxtany
sin2x = 2sinx cos x .2 1 —cos2x 2 1+ cos2x
sin®x = —— cos*x = ————
cos2x =2cos?x —1 =1—2sin’x 2 2
QUADRATIC FORMULA
—B ++/B2—-44C
If Ax24+Bx+C =0, then x=——— "~
GEOMETRIC FORMULAS
Rectangle Parallelogram Triangles
h '
A = area, b E b i b
b = base, ~ —
b =height, A=bh A=>bh bh
C = circumference,
V' = volume, Circle Sphere

S = surface area

Trapezoid

‘h

1
|
I
1
|
i
1

by

A =,%(b1 +b2)h

Prism

A=nr?, C=2xr V=A4h=nr?h, S=Ch=2nrhy _ d7r3, § = dmr?

Circular Cone

(cylindrical wall)

Pyramid

V=2L14h




JECTOR IDENTITIES [
fu= upi+ u2j +usk " then (dot product) uev=ujvy + ugvz +u3vs

¢ = vii+ v2j + v3k i j k '

— wyi + woj + w3k (cross product) uxy=|u1 uz us|= (uavz—usvz)i+ (u3v1 — u13)j + (1v2 —u2v1)k
w v V2 U3
fu = [ul =+ueu= u? 4+ uZ +u2 angle betweenuand v = cos ™ bl

fength of u = [l = =y tuz s & B lullv]
riple product identities ne (VXW) =ve (wxu)=we uxyv) ux (¥yxw) = (uew)v—(uev)w

\DENTITIES INVOLVING GRADIENT, DIVERGENCE, CURL, AND LAPLACIAN ——

v :i;— +j% +k(’)a—z (“del” or “nabla” operator) F(x,y,2) = Fi(x,y,2)i + Fa(x,,2)§ + F3(x,y,2)k
x
_ _ ., 0. 089 o _OFy | 3F,  0Fs
Vo (x, y,7) = grad(x, y,2) = 71+ ayJ+ 2z K VeF(x,y,2) =divF(x,y,2) = -+ = o
i §j k
I R
VxF(x,y,2) =curl F(x,»,2) = |3x 3y oz
F1 F, F3
_(3F R\, (R OB\, (0 OF
_(3y—az)l+<az 3x)J+<3x ay)k
V(py) = VY + ¥V Vo([FxG)=(VxF)eG—Fo(VxG)
Vo (¢F) = (V) oF + ¢ (VeF) ' Vx(ExG)=F(VeG)—G(VeF)—(FeV)G+ (GoV)I
VX(¢F)=(V¢)><F+¢(VXF)‘ ' V(FeG) =Fx (VxG)+Gx(VxF) + [FeV)G+ (GeV)F
Vx(Vg) =0 (curlgrad = 0) Ve(VxF)=0 (div curl = 0)
: 2p P P . " , ,
V2p(x,y,2) = Ve V(x,y,z) = divgrad¢$ = ) + 52-'+ 22 Vx(VxF)=V(VeF)—-V-F (curl curl = grad div — laplacian)

VERSIONS OF THE FUNDAMENTAL THEOREM OF CALCULUS _ O
b
f fl@yde = f(b)— f(a) (the one-dimensional Fundamental Theorem)
/ gra(;¢ odr = &(r(b)) —qﬁ(r(a)) if C isthecurver =r(f), (@ <t <b).
c

0F, OF
f /; (Ecz - —871) dA = 56 Fedr = ?‘; F1(x,y)dx + Fa(x,y)dy where C is the positively oriented boundary of R (Green’s Theorem)
c c

f/; curl F o NdS = 56 Fedr= ¢ Fi(x,y,2)dx + Fa(x,y,2)dy + F3(x, y,2) dz where C is the oriented boundary of S. (Stokes’s Theorem)
C [o)

Three-dimensional versions: S is the closed boundary of D, with outward normal N

/f/;)dideV=# FeNdS Divergence Theorem ‘ f/:/ curleV:—# FxNdS
S D S 3
fff gradq&dV:# ¢NdS

D s

FORMULAS RELATING TO CURVES IN 3-SPACE —— —

d - d
Curve: r = r(r) = x ()i + ()i + 2()k Velocity: v = d—: _—y Speed: v = |v| = —d—“:
! ) d d? dv -
Arclength: 5 = / vdt Acceleration: a = P Tangential and normal components: a = —ET +v*iN
fo dt  di? dt
: . : W A . dTjar
Unit tangent: T = 1 Binormal: B = e A Normal: N=BxT = A/
v [vxal |dT/dt|
VX da/dt
Curvature; ¢ = l——,;l Radius of curvature: p = l Torsion: T = (VX—a)O(_al/_)
v K |vxal?
The Frenet-Serret formulas: ﬂ = KN, d—N =—«T+ rﬁ, d—B =N
ds s . ds




ORTHOGONAL CURVILINEAR COORDINATES

transformation: x = x(u,v,w), y=y@u,v,w), z=z(,v,w) * position vector: r = x (i, v, w)i + y(u, v, w)j + z(u, v, w)k

ale factors: h, = or = | hy = o Iocalbasisw'i-—lar \A/—iar W= 1 o
seaeclos: b =gl " |w” ™= | T hou T Ry " hyow
volume element: dV = hyhyhy du dv dw ‘
scalar field: f(u, v, w) . vector field: F(u, v, w) = Fy(u, v, w)i+ F, (u, v, w)¥ + Fy (1, v, )W
, vLof.  1aof, 1af, : _ 1 d 3
: = = : = 1 —
gradient: Vf = i r i+ — i T v+ — ™ 30" divergence: VeF ki | 3 (h.,thu) au(r"‘h‘"E”) + ™ (huhqu)

hyti  hyV bW

. 1 [0 (hohw of huhw 3f Buhy Bf) 1 5 8. 2
2 = = :V = e — _— e
V= i [Bu( ™ au) * 3v( hy Bv) * 5w ( hw dw curl: V<K huboho | 34 0 9w

Fyhy  Fyhy  Fyhy,

PLANE POLAR COORDINATES

transformation: x = rcosf, y =rsinf position vector: r = rcos @i+ rsinfj
ar ar o o i s B i .
scale factors: by = | —[ =1, hg= 2| = r local basis: T = cos i + sinfj, 6 = —sin®i+ cosbj
area element: dA = r dr d6
scalar field: £(r, 6) ‘ ‘ vector field: F(r, 0) = F,(r, 0)f + Fp(r, 0)0
af, laf : : . ) _0F 1 1 3Fy
gradient: V f = + - = divergence: Ve F = ar + p Fr + - Ty
02 *f laf 1 32f 0Fp  Fp 1 0F
2
= v LB
fplectan: Vo = 52 Y rar Y Aer N T
CYLINDRICAL COORDINATES
transformation: x = rcosf, 'y =rsinf, z=z position vector: r = r cos i+ rsin0 j + zk
scale factors: h, = _3_1' =1, hp= g; =r, hy= g—; =1 local basis: T = cos 6i -+ sin 0j, 6 = —sin6i +cosfj, Zi=Kk
volume element: dV = r dr d0 dz surface area element (on r = a): dS = a df dz
scalar field: f(r, 6, z) vector field: F(r, 8, z) = Fy(r, 0, z)f + Fo(r,0,2)0 + Fz(r, 0, 2)k
B afA ~ of ) _ _OF |1 1 0F, OF,
gradient: V f = +rﬁ0+3 —k | divergence: Vo F = o +;F.r+r 20 +E_
" " £ 0 Kk
92 *f 1of 18f  Pf 119 a 9
lapl V2 —L = : =-|Z 2 ¢
aplacian: V* f = 0z + o + = r2 202 T 32 curl: VxF 73 3 5
F, rFy F,
SPHERICAL COORDINATES —
transformation: x= Rsingcosf), y = Rsingsind, "z = Rcos¢ position vector: t = Rsin¢cos i+ R sing sin 0 j + R cos gk
ar or ar '
scale factors: hR =gl = 1, h¢/= l— =R, hg= 20 = Rsing
local basis: R = sin¢ cos i + singsinfj+ cosgpk, ¢ = cos¢cos€1+cos¢sm6_] —sm¢k 0 = —sinfi+cosfj
volume element: dV = R?sing dR d¢ df surface area elément (on R = a): dS = a%sing do dg _
scalar field: f(R, ¢, 0) vector field: F(R, ¢, 0) = Fr(R, ¢, )R + Fy(R, ¢, 0)¢ + Fp(R, ¢, 0)6
f » 1 9f 4 1 9f 4 . dFg 2 1 0Fy  cot¢ 1 0F
di = —R — :VeF=—+ — Fp+—— — —
gradiont: Vf = ooB+5 a¢¢+ Reing 30° divergence: Vo F = o *RI® Y 735 R Tt Ramg 30
R R Rsingl
2f  20f 1 3f cotgdf 1 8f 1 d d a
1 jan: V2f=—>2 4 =2 4 —°J 9 Y , < 9T . vV = — | = = s
aplacian: V * f o2 T RoR T RE 992 R 3¢ T Rismg 907 curl: VxF Rosng | 39 5

Frp RFy RsingFy




INTEGRATION RULES

f(Af(x) + Bg(x))dx=A f f(x)dx+ B /g(x) dx
[ reene@ar=rew+c
/ U() dV(x) = UR) V(x) — / V() dUG)

o
j; Fi@)dx = fb) - f@)
£ [ " f0yde= £(x)

ELEMENTARY INTEGRALS

fx’dx: rilx'+f+c1fr;é—1
éﬁ:lnlxl-*-c
P
e*dx=e*+C

5
a*dx=—+C

Ina
sinxdx = —cosx + C
cosxdx =sinx +C
sec?xdx =tanx + C
csc? xdx = —cotx + C
secxtanx dx = secx +C
cscxcotxdx = —cscx + C
tanx dx = In|secx| + C
cotxdx =In|sinx| + C
secxdx = In|secx +tanx| + C

cscxdx = In|escx —cotx| +C

S

dx . 1%
= =sin!1=4+C (@>0,|x|<a)
/a2 — x2 a
dx __1 X c
j,a2+x2—ztan ;-}- (@>0)
dx 1 x+a
faZ—xZ—Ea—ln — +C (@>0)
dx

1
=—sec“‘|£|+C (@>0, |x| >a)
a a

x/x% —a?

TRIGONOMETRIC INTEGRALS

1
/sinzxdx=§—zsin2x+c
1
cos2xdx=—{+—-sin2x+C
24 :
tan? xdx =tanx —x + C
cot?xdx = —cotx—x+C

1 1
sec3 x dx = 5 secx tanx + —2—1n|secx +tanx| +C

1 .
cscd xdx = -3 cscxcotx + %lnlcscx —cotx|+C

- . _ sin(@—b)x sin(a + b)x o 2
sinax sinbx dx = 2@=0) 2@ +b) +Cifa*#b

_ sin(a—b)x | sin(a + b)x in 2

cosax cosbxdx = 2a—b) 2@+h) +Cifa”*#b

: _cos(a—b)x cos(a+b)x i 2
sinax cosbxdx = 2@=0) 2@+h) +Cifa®#b
sin” x dx = - sin" ! x cosx + f%— f-sin"‘2 xdx

e —

1 i . n—1 _
cos™ xdx = —cos" ! x sinx + —— | cos" 2 xdx
n n

—~—

1
tan” x dx = ——1tan"—1x —/tan"_zxdx ifn#1

fcot”xdx = 1 cot’“lx—fcot"_zxdxifn;él

n—1
1 -2 :
| sec” 2 x tanx + :'1—1 fsec"”zx dxifn #1

sec” xdx =
n—2 - 3

2 x cotx + 1_/csc” 2xdxifn #1
=

sin"lx cos™tlx n—1

n—+m - n+m
xcos™lx  m—1

T
_ICSC

csc” xdx =
n

sin” x cos™ x dx = f sin® 2 x cos™ xdx if n # —m

sin"“
sin” x cos™ 2 xdx if m # —n

sin” x cos™ x dx =
n+m n+m

x sinx dx = sinx —x cosx +C
x cosxdx =cosx + x sinx +C
x" sinx dx = —x" cosx -i-n-/.x""1 cosx dx

n—=1 ginx dx

— e — e — —

x" cosxdx = x" sinx—nfx




INTEGRALS INVOLVING x? & a2

(@ = 0)

(If VX2 —a?, assutic ¥ > a > 0.)
2
fozd:a2dx = §Vx2:ba2:b?2—1n|x+«/x2:i:a2|+c

dx
/—=ln|x+Vx2:ta2|+C
Vx2 £ a?
fzﬁitfdx=,g§:;;_ahl1115225 i
x
/%2 — /52 — a2
f i =+x2—a?2—atan” X—£—+C

f 27/x2 + a2 dx-—(2x :|:a2)Vx2:i:a ——ln|x+Vx2:ta |+C

X = Vet %2
/mx 2x:l:a:len.])c+ x2+a?|+C

/%2 + a2 S La?
/ ad = @ dx=— xx a +In|x +vx2+a?|4+C
/ dx _ «/xZ:i:a2+C

x2~/x2:l:a2_ a’x

+x +C
(x2 + a2)3/2 /ch I a2

4
/(x ﬂ:a2)3/2dx = §(2x +5a%)Vx2 + a2 + 3%ln[x+ Vx2ta?+C

INTEGRALS INVOLVING Va2 — 2
2
fVaZ—xzdx = %\/az—xz-l— %sin_ls +C
o252 JaZ— 52
J R e R

(¢ >0,]x] < a)

L SN e R LA
T x=—ZVa—x 5 s — 4
4
foVa2 —x2dx = %(sz —a®)Va? —x2 + a?sin"1£ +C
a
2 — %2
= C
,/xZ«/aZ—xZ ax "
va —x2 _Na?-x2 . _x
= — sin —+C
/‘ _ 11 a+«/az—x2
x«/az—x2 Coa X
d _ x tC
@ plaa

f(az—x

3 4
2)3/2 gy = %(Sa2 —2x)Va? - x2 + % sin_IZ—C +C
/

INTEGRALS OF INVERSE TRlGONOMETRlC FUNCTIONS ___
fsin"lx dx = xsin " lx ++/1—x2+ c

1
/tan‘lx dx = xtan"lx — Eln(l +x3)4C
/sec"lxdx =xseclx—In|x +Vx2—-1|+C (x>1)
1
/xsin—‘x dx = Z(sz — DsinLx + ;Vl —-x24C

1
/xta.n_lx dx = E(XZ + Dtan~lx — )2—6 +C
2 1
fxsec_lxdx = %sec”lx — EVxZ “1+C (x>1)

I xn+1 _— 1 xn+1
fx sin xdx=n+15m x—m ﬁ
xn+1 1 xn+1
fx" tan~lx dx = tan~lx f dx+Cifn # —1

n+1 n+1 14 x2

xn-’rl
x"sec lxdx = sec lx
n+1

dx+Cifn # -1

1 xP
| . .
i1 [ e ety

EXPONENTIAL AND LOGARITHMIC INTEGRALS
xe*dx=(x—1e"+C

fx"ex dx = x"e* ~n/x”“le" dx

/hlxdx=x1nx—;\‘+C

xn+1 xn+1
/x"lnxdx =——Inx—

e, =
n+1 n+ 1)2 (7 —1)
n+1

m__ n m—1 _
x( x)"— n+1 fx (Inx)""dx (n#-1)
(a sinbx —b cosbx) + C

+C,

/x"(lnx)'" dx =2
N n+ L

fe *sinbxdx = 215

ax

fe‘"‘ cosbxdx = aTe_l_—bE‘(a cosbx + b sinbx) + C

INTEGRALS OF HYPERBOLIC FUNCTIONS
/sinhx dx = coshx + C

/coshx dx =sinhx + C

tanhx dx = In(coshx) 4+ C
cothx dx = In|sinh x| 4 C
sechx dx = 2tan~!(e*) + C
cschx dx =In |tanh%"+ C
sinh? x dx = %sinth - % +C
cosh? x dx = —}isinth + % +C
tanh?x dx = x — tanhx + C
coth?x dx = x — cothx 4 C
sech?x dx = tanhx + C

csch?x dx = —cothx + C

sechx tanhx dx = —sechx + C

— e — e —

cschx cothx dx = —cschx + C




MISCELLANEOUS ALGEBRAIC INTEGRALS

b
/x(ax+b)_ldx=i——iln[ax+b|+C
a a

1 b
/x(ax+b)_2dx=E[In]ax+b|+ax+b]+c
(ax +b)"t! fax +b b .
n —_ — o =
/x(ax+b) dx = P P S +Cifn# -1, =2

1 X
f @£ 22 2a2(n—1) ((az £yt @n — 3)/ (
/x\/ax +bdx = ——2(3ax —2b)(ax +b)*2 + C

/ "Vax +bdx = aan 13 +3) ( "(ax+b)3/2—nb/x"

a2+ x2)n~1

& )ifn;él

1Vax+b dx)

xdx 2
«/W % 5 (ax—2b)yVax+b+C
x" dx 2 = P
= X \/ax—i-b—nb‘/—dx)
Jax +b a(2n +1) ( Jax+b
. Naxtb-Vb| L i
xvax+b «/— Vax+b+ /b
fax +b
——=*tan_1 —— 4+ Cifb<0
/x«/ax'—l—b ~/—b b
dx = Vax+b _ (2n—3)a dx 1
x"\Jax +b bn—-1x"1  2n—-2)b ) xn—1 Jax+b *
— 2 -
/VZax—xHix:xTa«/Zax——x2+‘—12—sin'1 a—l—C (@a>0)
X . _1X—a
———— =sin +C (@>0
/«/Zax—x2 . ( 5 3/1
n— _
x"V2ax —x2dx = -~ Qax—x) @n+ g /x"‘I«/Zax —x2dx
n+2 n+42 ]
x" dx xn-1 2n—1a x"1dx
—_— = V2ax —x% +
v2ax — x2 n n V2ax —x2
2, —x2 —
/‘&dxz«/2(1)(—-x2+asin_1 a+C (@>0)
x
/'«/2ax—x2 dy = (2ax—x2)3/2 n—3 / V2ax — x2
T (3-2n)ax" (211 —3)a xp-l
dx _ v2ax—x? n—1 /‘ dx
x"2ax —x2  a(l—2m)x" ' (2n—1)a x"1/2ax — x2
_ 2
/(v2ax—x2)" dx = x—a(«/Zax—x2 "4 % /‘(x/Zax—xz)""2 dxifn # —1

dx

dx . / 2—n n—3
/ (V2ax—x2y (@ 2)a2( 203 = e
DEFINITE INTEGRALS

ifn#2

/

(Vaax =2y

x" e dx =nl(n>0)

[ee]
e_“"zdxzé z11>0
Va

e 2 1
xe ¥ dx = —ifa>0
2a

oo

iyl n—1
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