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�������������� �����! #"%$'&)(��*"+ + # 

,�-.-./10321465
798;:

A =





1 2 a

1 3 1
2 7 b



 .

detA =

∣

∣

∣

∣

∣

∣

1 2 a

1 3 1
2 7 b

∣

∣

∣

∣

∣

∣

= 1 · 3 · b + 2 · 1 · 2 + a · 1 · 7

−1 · 1 · 7 − 2 · 1 · b − a · 3 · 2

= 3b + 4 + 7a − 7 − 2b − 6a

= a + b − 3

A <>=@?BADC3<>=FEF?BG;<>H1A+IJ=@KL<>EM<>=FNO?BA+PJAQEM<>AR<>=�SUTV=MWFXZYF<>HBHB?B[�S\=]P^AQ_LHBHa`.b�<>E@Cc?BH�WF?�A+IJ= a + b 6= 3 `79de:gf ?�WFXc=F?BC3<>=@TVhLh'N�PJEF=F?iWM<>A [A|I] TV[j=M<>XcX3<>=M<	K!_.WM<>=M<>=kKL<>A�`+b�POCD?BH�Cc?lSUI^N�PJEF=F?iW]<>A [I|A−1] `

[A|I] =





1 2 2 1 0 0
1 3 1 0 1 0
2 7 2 0 0 1





∼





1 2 2 1 0 0
0 1 −1 −1 1 0
0 3 −2 −2 0 1





∼





1 0 4 3 −2 0
0 1 −1 −1 1 0
0 0 1 1 −3 1





∼





1 0 0 −1 10 −4
0 1 0 0 −2 1
0 0 1 1 −3 1





m HBEMWnI�WM<>=�CD?oPJE

A−1 =





−1 10 −4
0 −2 1
1 −3 1



 .

79p!:�q =]Psrt=]PJNj<>=MWu=M<>[3<>HgC3<>E�Cc?vPJEuKL<>Ejw.ALA.<	WuA.xVyQPJXDEF?B[{z>A6Hix|WMAL?BAL[}A+IJ=uKL<>EM<>=FNO?BA+PJAQEM<>A~EF?BH
X3TD<���WM?i<>AQEFN�PJEF=F?iWM<>A}EF?BH�HB?B[|AL?BAL[3WMWFy!WFEM<>Nj<>E�<>=�S\TV=MWMXZYF<>HBHB?B[uS�=]P�AQ_LHBHa`o�!IuA+IJ= a + b − 3 6= 0 �l�+PJ=�CD?
G+PJ=M<�z>A'Hix|WFAL?BAL[.`f ?DWM<>=�K.P�h+I��DCVP@WMTVN�WFX�Y9<>=�A+IJ= a+b−3 = 0 ` f ?QWFXc=F?BC3<>=oTVhLh�EMTVE]PJHBN�PJEF=F?iWM<>A�TV[@=M<>XcX3<>=M<	K!_.WM<>=M<>=���



� �������	�
����������	�����	�������������������v�����! �"�#��$�������





1 2 a 2
1 3 1 0
2 7 b b



 ∼





1 2 a 2
0 1 1 − a −2
0 3 b − 2a b − 4



 ∼





1 2 a 2
0 1 1 − a −2
0 0 a + b − 3 b + 2



 =





1 2 a 2
0 1 1 − a −2
0 0 0 b + 2





�DycWMEM<>Nj<>Ee<>=e?BALX3TVA.WF?iWFEM<>ADEe�QCc?iW�Cc?L?.KL<>AO=M<>XDX3<>=M<	K!_.WM<>=FEM<@N�PJEF=F?iWM<>Aj�+PJ=e<>Aj=]PVK��DC3TV=tPJHBHi<�E]PJHBHi<>A.<
<>=�AQ_LHBHi<>=��oG;TV=FEMWM<>EFE�S\=]P�E]PJHBHi<>E�Hi<>AL[3WFE�EF?BH��.xVyc=M<OWMTVN <>=�SUTV=MWFXZYF<>HBHB?B[uS�=]PuAD_LHBHa` f ? W]<>= PJE�CD? �+PJ=�<>A
WFHB?BXu=]PVK��QCc?iW b + 2 6= 0 `&%gCD?iW b + 2 = 0 �!�+PJ=kCD?�?BXcX3<�<>A'WFHB?BXu=]PVK�`&'tKL<>E�EF?BH SU<>HBHi<>E@�+PJ=@Cc?�<>A�WMxVycHi<
_LEM<>A hL?BC3TVEM<>=��oW]TVN G;<>E yD= PJE CD?��+PJ= <>A�S\=F?�C|PJ=F? PJG;<>Ha��WMHB?BX�PJE�Cc?��+PJ=�_.<>A.KL<>HB?B[�N�PJAL[3<jHix|WFAL?BAL[3<>=�`( TVALXcHB_.W\YFTVA.<>A�GLHB?B=��)+*-, m XcXD_L=]PJE@z>A�Hix|WFAL?BAL[�A+IJ= a + b 6= 3 `)�*.*-,0/ <>A.KL<>HB?B[jN�PJAL[3<�Hix|WMAL?BAL[3<>=@A+IJ= a = 5 TV[ b = −2 `)+*1*.*-, ' AL[3<>A�Hix|WFAL?BAL[3<>=@A+IJ= a + b = 3 TV[ b 6= −2 `
79p!:�f ?lWFXc=F?BC3<>=�HB?B[|AL?BAL[3WMWFy!WFEM<>Nj<>E�WMTVN Ax = b KL<>= A <>=tX3Tc<���WF?i<>AQEFN�PJEF=F?iW]<>A�� x =





x1

x2

x3



 TV[

b <>=�Hix|WMAL?BAL[3WFC3<>XDEMTV=M<>A��+A.<>NOHB?B[




2
0
2



 `Lb�P�WF?i<>=vrt=]PJNj<>=MWk=M<>[3<>H1PJE

xi =
detAi(b)

det A
.

%g<>=�Gl<>EM<>[|A.<>= Ai(b) KL<>A�N�PJEF=F?iWM<>A'Cc?;SUIJ=�A+IJ=�Cc?lGQycEFEM<>=@_LE�X3TVHiTVALA.<�AQ_LNONj<>= i ? A Nj<	K b `32vIJ=
a = b = 2 �LC3<>E�Cc?oPJE detA = a + b − 3 = 2 + 2 − 3 = 1 ` f ?lSaIJ=

detA3(b) =

∣

∣

∣

∣

∣

∣

1 2 2
1 3 0
2 7 2

∣

∣

∣

∣

∣

∣

= 1 · 3 · 2 + 2 · 0 · 2 + 2 · 1 · 7 − 1 · 0 · 7 − 2 · 1 · 2 − 2 · 3 · 2

= 6 + 0 + 14 − 0 − 4 − 12

= 4

b�P^GLHB?B=
x3 =

detAi(b)

det A
=

4

1
= 4.

,�-.-./10321454
798;:

{v1, v2, . . . , vn} K.PJALA.<>=^<>A}G+PVWF?iW�SUTV= C3<>XcEMTV=F=MTVNONj<>E V �QCc?iW Nj<>AL[3KL<>A{<>= HB?BA.<76 =FE^_+P	C98
�.<>AL[|?B[�TV[O_LEMWFhl<>ALA.<>= V `79de:@f ?lWM<>EFEM<>=@TVhLh�N�PJEF=F?iWM<>A [[c1]B [c2]B [c3]B ] %kCc?iW�KL<>ALA.<�XVPJA)=M<>XcX3<>=M<	K!_.WM<>=M<	W�EF?BH�?iKL<>AQEF?BEM<>EMW�8
N�PJEF=F?iWM<>A��+<>=@TV[3WnI C <>A'G+PVWF?iW�SUTV= V ` f ?lSaIJ=��

[[c1]B [c2]B [c3]B ] =





1 1 0
0 1 1
0 0 1



 ∼





1 0 0
0 1 0
0 0 1





f ?�X3TVALXcHB_.KL<>=M<>=kNj<	K�PJE C <>=@<>A'G+PVWF?iW�SUTV= V `



�������	�
����������	�����	�������������������v�����! �"�#��$������� �

� PJEF=F?iW]<>A P CD?BH�C 6 =M<�HB?BX [[b1]C [b2]C [b3]C ] ` f ?�W]<>=kPJE
b1 = c1

b2 = c2 − c1

b3 = c3 − c2 + c1,

W]I P =





1 −1 1
0 1 −1
0 0 1



 `

79p!: �DE]PJA.K.PJ=MK!N�PJEF=F?iWM<>A�EF?BH T <>=




1 1 1
0 2 1
1 1 0



 `
7��e:�f ?#C3<>E@PJE [T ]D = [[T (d1)]D[T (d2)]D[T (d3)]D] `Db�P N�I CD?;=M<>[|A.<v_LE T (di) S\TV= i = 1, 2, 3 `f ?�SUIJ=

T (d1) = T









1
0
0







 =





1
0
1



 = 2d1 − d2 + d3

T (d2) = T









1
1
0







 =





2
2
2



 = 2d1 + 2d3

T (d3) = T









0
1
1







 =





2
3
1



 = 2d2 + d3

b�<>EFEM<�[|?B=

[T (d1)]D =





2
−1

1





[T (d2)]D =





2
0
2





[T (d3)]D =





0
2
1



 ,

W]I
[T ]D =





2 2 0
−1 0 2

1 2 1



 .

,�-.-./103214��
798;: �DE]PJA.K.PJ=MK!N�PJEF=F?iW]<>AREF?BHoX�Y9<>[|Hi<	WFAL?BEFEM<>E K <>= A =

[

5 −2
−2 8

]

`#bv<>A�TV=FEMTVA.TV=FN�PJHi<^G+PVWF?iWM<>A
B CD?BHD�+P@<>[3<>ADC3<>XDEMTV=M<>A.<�EF?BH A WMTVN W]xVyDHi<>=�` f ?cWFE]PJ=FEM<>=1Nj<	K^I�w.ALA.< KL<>EoX|PJ=]PJXcEM<>=F?iWFEF?iWFX3<th;TVHBycA.TVNj<>E
EF?BH A `

det(A − λI) =

∣

∣

∣

∣

5 − λ −2
−2 8 − λ

∣

∣

∣

∣

= (5 − λ)(8 − λ) − (−2)2 = (λ − 9)(λ − 4)



� �������	�
����������	�����	�������������������v�����! �"�#��$�������

f ?#WM<>=tP	COKL<>EFEM<vPJE�<>[3<>AQC3<>=MK!?i<>A.<gEF?BH A <>= � TV[��.`c�!Ivw.ALA.<>=�Cc?.<>[3<>AQC3<>XcEMTV=M<>= W]TVN X3TV=F=M<	WFhlTVA.KL<>=M<>=
Nj<	K'<>[3<>AQC3<>=MK!?i<>A.<|` f ?�WFE]PJ=FEM<>=@Nj<	K'<>[3<>ADC3<>=MK!?i<>A � �

A − 9I =

[

−4 −2
−2 −1

]

∼

[

2 1
0 0

]

b�<>EFEM<�[|?B=k<>[3<>AQC3<>XcEMTV=M<>A
[

−1
2

]

`;�!I�<>[3<>AQC3<>=MK!?i<>A��.�

A − 4I =

[

1 −2
−2 4

]

∼

[

1 −2
0 0

]

%g<>=@SUIJ=�Cc?�<>[3<>AQC3<>XcEMTV=M<>A
[

2
1

]

`q TV=^I)w.ALA.<�KL<>A TV=FEMTVA.TV=FN�PJHi<uG+PVWF?iW]<>A B ��N�I)CD?�A.TV=FN�PJHB?i<>=M<�<>[3<>ADC3<>XDEMTV=M<>A.<uCc?e�+PJ=�S\_LALA.<>E�`
b�P^SUIJ=�Cc?oPJE

B =

{[

− 1√
5

2√
5

]

,

[

2√
5

1√
5

]}

.

%kCc?iW�Cc?.H PJ=eC|PJ=F? PJGLHi<>A.<@?+KL<>EtAQy3<kX3TDTV=MK!?BA+PJEMWFy!WFEM<>Nj<>EtC36 =M< y1 TV[ y2 �3CD?BHLHB?B[|AL?BAL[3<>A�S\TV= K C 6 =M<
9y2

1
+ 4y2 = 36 `
�D?iKL<>A�<>[3<>AQC3<>=MK!?i<>A.< EF?BH A �+PJ=kW]PJNONj<vSUTV=FEM<>[|A��.<>= K <>A'<>HBHB?Bh.WM<|`79de:

,�-.-./103214��
798;:�� P A C 6 =M<�<>A�XcCVPVK!=]PJEF?iWFX�N�PJEF=F?iWM<|` λ <>=@<>A'<>[3<>AQC3<>=MK!?�EF?BH A �QCc?iW�KL<>E�w.ALA.<	W@<>A�C3<>XDEMTV= v

WFHB?BXuPJE Av = λv ` f <>XDEMTV=M<>A v <>=�K.P�<>A�<>[3<>AQC3<>XcEMTV=@EF?BH A ` A <>=�K!? PJ[3TVA+PJHB?iWM<>=FG+PJ=@�QCc?iW@KL<>E w.ALA.<	W
<>A�K!? PJ[3TVA+PJHoN�PJEF=F?iW]< D TV[�<>A'?BADC3<>=FEF?BG;<>HoN�PJEF=F?iWM<>A P WMHB?BXuPJE A = PDP−1 `
79de:gf ?�H PJ= v =





2
1
2



 `Lb�P�GLHB?B=

Ev =





1 2 0
−3 2 3
−1 2 2



 ·





2
1
2



 =





4
2
4



 = 2v.

b�POWM<>=�Cc?oPJE v <>=k<>A'<>[3<>AQC3<>XcEMTV=kEF?BH E Nj<	K�EF?BHB�.xV=M<>A.KL< <>[3<>AQC3<>=MK!?
	!`



�������	�
����������	�����	�������������������v�����! �"�#��$������� �

q TV=�IOw.ALA.<^_LE�TVN E <>=vK!? PJ[3TVA+PJHB?iWM<>=FG+PJ=��;w.ALA.<>=�Cc?oSUxV=MWFE�KL<>E�XVPJ=]PJXcEM<>=F?iWFEF?iWFX3< h;TVHBycA.TVNj<>E�EF?BH
E `.b�<>E@GLHB?B=

det(E − λI) =

∣

∣

∣

∣

∣

∣

1 − λ 2 0
−3 2 − λ 3
−1 2 2 − λ

∣

∣

∣

∣

∣

∣

= (1 − λ)(2 − λ)(2 − λ) + (−6) − 6(1 − λ) − 2(−3)(2 − λ)

= (1 − λ)(2 − λ)2.

E �+PJ=�PJHBEMW]I)EMT'<>[3<>ADC3<>=MK!?i<>=�� � TV[ 	!`���[3<>ADC3<>=MK!?i<>A � �+PJ=�N _LHBEF?BhLHB?iWF?BEM<>E � ��Nj<>A.W 	)�+PJ=�N _LH 8
EF?BhLHB?iWF?BEM<>E 	!`obv<>E CD?�N�I�WUY9<>XcX3<OK.P�<>= K!?BNj<>A.W\YFTVA.<>A EF?BHt<>[3<>AL=MTVNONj<>E EF?BH 	!` q TV= PJE E WMXVPJH�C 6 =M<
K!? PJ[3TVA+PJHB?iWM<>=FG+PJ=���N�I�K!?BNj<>A.W\YFTVA.<>AsEF?BH�<>EF�DC3<>=FEj<>[3<>AL=MTVN C 6 =M<�HB?BX N _LHBEF?BhLHB?iWF?BEM<>EM<>A6EF?BH KL<>A{X3TV= 8
=M<	WFhlTVA.KL<>=M<>A.KL<�<>[3<>AQC3<>=MK!?i<>A�`���[3<>AL=MTVNONj<>E�EF?BH <>[3<>ADC3<>=MK!?i<>A 	�<>= HB?BX AD_LHBHB=MTVNONj<>EjEF?BH�N�PJEF=F?iWM<>A
E − 2I ` f ?lSaIJ=��

E − 2λ =





−1 2 0
−3 0 3
−1 2 0



 ∼





1 0 −1
0 1 −1

2

0 0 0





b�<>A�=M<>XDX3<>=M<	K!_.WM<>=FEM<�N�PJEF=F?iWM<>A'�+PJ=�EMT^hL?BC3TVEM<>=��.W]I Cc?#SaIJ=@z>A)S\=F?;C|PJ=F? PJGl<>Ha`Lbv<>E�Nj<	KcSUxV=M<>=kPJE@<>[3<>A38
=MTVNONj<>EeEF?BH.<>[3<>AQC3<>=MK!?i<>A 	v�+PJ=eK!?BNj<>A.W\YFTVA � `Q�D?iKL<>AjN _LHBEF?BhLHB?iWF?BEM<>EM<>A�EF?BH.<>[3<>AQC3<>=MK!?i<>A 	g<>= 	!�JSUxVHB[3<>=
KL<>EgPJE E ?BXcX3<�<>=@K!? PJ[3TVA+PJHB?iWM<>=FG+PJ=�`79p!: �D?iKL<>A A <>=tWFycNONj<>EF=F?iWFXl�3<>= A TV=FEMTV[3TVA+PJHBE�K!? PJ[3TVA+PJHB?iWM<>=FG+PJ=�` f ?.�+PJ= TVhLhL[|?BEFE�EMT TV=FEMTV[3TVA+PJHi<
<>[3<>AQC3<>XcEMTV=M<>=��!W]IvSUTV= Ivw.ALA.< P N�I�Cc?Lw.ALA.<k<>A�EF=M<	KJY9<kC3<>XDEMTV= WMTVN�<>= TV=FEMTV[3TVA+PJH#EF?BH+KL<kEMT�SUTV=F=F?B[3<|`
b�<>E1Cc?BHQWF?!PJEoCc?QN�I�w.ALA.<t<>A C3<>XcEMTV= (x, y, z) WMHB?BX PJE (1, 1, 2)·(x, y, z) = 0 TV[ (1,−1, 0)·(x, y, z) =
0 `.b�P^SUIJ=�Cc?

x + y + 2x = 0
x − y = 0,

WFHB?BX�PJE




x

y

z



 =





−1
1
1



 t S\TV= t ∈ R `	b�P��+PJ=oCD?|EF=M<eTV=FEMTV[3TVA+PJHi<t<>[3<>AQC3<>XcEMTV=M<>=�� (1, 1, 2) � (1,−1, 0)

TV[ (−1, 1, 1) `9%gCD?iWeCD?.A.TV=FN�PJHB?iW]<>=M<>=tK!?iWMWM<|�|SUIJ=eCc? ( 1√
6
, 1√

6
, 2√

6
) � ( 1√

2
,− 1√

2
, 0) TV[ (− 1√

3
, 1√

3
, 1√

3
) `

b�P^SUIJ=�Cc?

P =







1√
6

1√
2

− 1√
3

1√
6

− 1√
2

1√
3

2√
6

0 1√
3






.

�D?iKL<>A P <>=k<>A'TV=FEMTV[3TVA+PJH1N�PJEF=F?iWM<|�.<>= P−1 = P T �LW]I

P =







1√
6

1√
6

2√
6

1√
2

− 1√
2

0

− 1√
3

1√
3

1√
3






.

7��e: �D?iKL<>A{G+IVKL< A TV[ B <>=OWFycNONj<>EF=F?iWFX3<|� <>=^KL<uGl<>[|[3<)TV=FEMTV[3TVA.T3PJHBEjK!? PJ[3TVA+PJHB?iWM<>=FG+PJ=M<|`eb�P
w.ALA.<	W�KL<>E�<>A6TV=FEMTV[3TVA+PJHkN�PJEF=F?iWM< P �\WMTVN Cc?�SUPJADEj? 79p!:�� WFHB?BX PJE A = P T DP �eKL<>= D <>=�<>A
K!? PJ[3TVA+PJHBN�PJEF=F?iWM<ONj<	K�<>[3<>AQC3<>=MK!?i<>A.<jEF?BH A h+IuK!? PJ[3TVA+PJHi<>A���TV[)KL<>Evw.ALA.<	W�<>ARTV=FEMTV[3TVA+PJH�N�PJEF=F?iWM<
P ′ WMHB?BX PJE B = P ′T D′P ′ �JKL<>= D′ <>= <>AOK!? PJ[3TVA+PJHBN�PJEF=F?iWM<�Nj<	K�<>[3<>ADC3<>=MK!?i<>A.<�EF?BH B h+IvK!? PJ[3TVA+PJHi<>A�`
�D?iKL<>A A TV[ B �+PJ=@KL<>EkWnPJNONj<�XVPJ=]PJXcEM<>=F?iWFEF?iWFX3<�hlTVHBycA.TVN'�!�+PJ=kKL<�KL<�W]PJNONj<�<>[3<>ADC3<>=MK!?i<>A.<|`+b�<>E
G;<>E yD=vPJE@CD?�X|PJA'TV=MK!A.<�<>Hi<>Nj<>ADEM<>A.<�h+IOK!? PJ[3TVA+PJHi<>A�? D TV[ D′ WFHB?BX)PJE D = D′ `+b�P SaIJ=�Cc?

PAP T = D = D′ = P ′BP ′T ,



� �������	�
����������	�����	�������������������v�����! �"�#��$�������

WFHB?BX�PJE
B = P ′T PAP T P ′ = (P T P ′)T A(P T P ′).

�c<>EFEM<>=kCc? Q = P T P ′ �cSaIJ=�Cc?lS\TV=FNj<>Hi<>A�CD?�xVA.WFX3<>=��!A.<>NOHB?B[ QT AQ = B ` f ?�W]<>=@TV[3W]IOPJE
Q−1 = (P T P ′)−1 = P ′−1

P T −1

= P ′T P = (P T P ′)T = QT ,

W]I Q <>=k<>A�TV=FEMTV[3TVA+PJH�N�PJEF=F?iWM<|`


