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;=<?>�@/ACBEDGFGHCIJFGIJH7BKBMLNBMOKPRQSPRO

x1 + x2 = 1
x2 + x3 = 1

x3 + x4 = 1
x1 + 2x4 = 1

;=T�>VU�FGOMOWDGFGHCIJFGIJH7BKBMLNBMOKPRQSPRO

x1 + x2 = 1
x2 + x3 = 1

x3 + x4 = 1
x1 + ax4 = b

XZY\[�]2^`_badc�FGDGe7PVc7PR_KfNFgPR_&h�c
a
^`H

b
a.hi_EBML�BKOKPRQSPROEPRI�PRIdOjL�fNFGH�DgACBMIJFGIJHlk

XZYmYn[�]2^`_Eadc�FGDGe7PVc7PR_KfNFgPR_�h�c
a
^`H

b
a.hi_bBMLNBMOKPRQSPROWo2PRI2fJPRDGFGH�QphiIJH7PVDgACBMIJFGIJH7PR_qk

XZYmYrY\[&]2^`_badc�FGDGe7PVc7PR_KfNFgPR_�hsc
a
^`H

b
a.hi_bBMLNBMOKPRQSPROWFGIJH7PRI)DgACBMIJFGIJHlk

;=tN>�U�FGOMObDGFGHCIJFGIJH7BKBMLNBMOKPRQSPRO

x1 + x2 + x3 = 1
−x1 + x2 + x3 = 0

]uFGIJI)fJPRI!H7PRI2PR_KPRDGDgP�DgACBKIJFGIJH7PRI/vJ^`H'BKel_MFGcpfJPRI$w.xyc7PRe�OK^`_=zm_K^`Q){J|5PRHCI$PRI!}2HCoJ_EBK^`Q~c�FgBKPR_�DgACBMIJFGIJH7B=�
QSPRIJH7fJPRI�BK^`Q�fJPRDGQSPRIJH7fJP�h�c
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� I)DGFGI2Ps��_EOM_�hiI2BMzm_K^`Qph`B��M^`I

T : R
4 → R

4
PR_EHCFGOMOWc7P�f

T (
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x1

x3 + x4

x3 + x4
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� FgB&hiOEOM_�hiI2B=z�^`_MQph`B��=^`I2PRI2BbBMO�hiI2f2hi_KfNQphiOM_MFgBKP+PR_








0 1 0 0
1 0 0 0
0 0 1 1
0 0 1 1









.

� PRHCI�oJOE_�hiIJHS^`HpIdoJDGDGFGOKPROsv2^`H�}2IJI)PRI��.h`BKFgB#z�^`_W_KPRe�e7PRc�FgfJfJPRI
R(T )
vJ^`H'z�^`_WIloJDGDG_K^`Q�QSPRO

ker(T )
{

;=T�>)]2^`_Me�D�hi_�oJOKPRI�_KPRHCIJFGIJH:hiO�BMO�hiI2f2hi_KfNQphiOM_MFgBKPRI�OMFGD�OM_�hiI2B=z�^`_MQph`B��M^`I2PRI
T
F�wJoJIJe�O�;=<?>�PR_

^`_MOK^`H7^`I.hiDGO!fNF�hiH7^`I.hiDGFgB�PR_M�.hi_s{ � FgBphiOSQphiOM_MFgBKPRI2B�PRH7PRIdc7PR_KfNFgPR_$PR_
−1
v��NvE�)^`H��Nv�^`H��?P�BKOKPRQ-PRI

^`_MOK^`I2^`_MQphiD5�.h`BKFgB#z�^`_
R

4
BKDGFGe$hiO

T
PR_EHCFGOMOWc7P�f�PRI�fNF�hiH7^`I.hiDGQphiOM_MFgBKP�QSP�f)a2PRI2BMLlI�w.xSfJPRIJI2PC{
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;=<?>,+&c`h�clFGD fJPRO�BMF hiObc7PRe�OK^`_KPRI2P
v1,v2, . . . ,vp ∈ R

n
PR_.-\Y0/	132547698#:<;3=#1>/�?`Y@?�1KkA+bcCh�clFGD5fJPRO&BMF

hiObfJPB8C60DFE#17/$/	1>4
R

n
kHG�P }2I2PR_E� PRHC_KPRw?PROJIK:�DqYLD z�^`_EPROWDGFGI2Ps��_MOboJI2fJPR_M_K^`Q h�c

R
n
{

;=T�> � FgBEhiO

u1 = (1, 1, 1, 1),u2 = (0, 1, 1, 1),u3 = (0, 0, 1, 1),u4 = (0, 0, 0, 1)
oJOMH �MA`_bPRI��.h`BMFgBWz�^`_

R
4
{2@5h

v = (4, 3, 2, 1)
{ ]uFGIJI

a, b, c, d
BMDGFGe�hiO

v = au1 + bu2 + cu3 + du4.;=tN>�@ h
W
cJ��_KP fJPRO DGFGI2Ps��_KP�oJI2fJPR_M_K^`Q�QSPRO h�c

R
4
oJOKBMw?PRIlO�h�c

u1,u2,u3

{�+bcChbPR_ fNFGQSPRI2B��M^`I2PRI
OMFGD

W
kNM�_MoJe�U�_�hiQ'�PO�QKaJQ�FgfNOMwJ_K^CBKP�fNL�_KPRI�OMFGD5xy}2IJI2P�PRI�^`_MOK^`I2^`_MQphiD5�.h`BMFgB#z�^`_

W
{

;SR�>W]uFGIJI!fJPRI$^`_MOK^`H7^`I.hiDgP�wJ_K^i�=PReNB��M^`I2PRI$hscSc7PRe�OK^`_KPRI
v

HCFGOMO F?wJoJIJe�O�;=T >�I2P�f�F.oJI2fJPR_M_K^`Q�QSPRO
W
{
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;=<?>�]2^`_Me�D�hi_Ee7^`_MO&adc�FGDGe7PVe �MPRHCDgP�BMIJFGOMObB�^`Q }2IJI2P�Bs{$+&c`h�c�FGD/fJPRO&BKF hiObPROEe �=PRHCDgP�BMIJFGOMOEPR_bw.x�BMO�hiIN�
f2hi_Kf�z�^`_MQ F z�^`_Ma2^`Dgf�OMFGD�e7^l^`_KfNFGI.hiOKBKL�BMOKPRQSPROqk�|5PRHCI�}2HCoJ_+^`H�hiIJHCF�DGFGHCIJFGIJH7PRI2PSz�^`_+e �MPRHCDgP�BMIJFGOMOKPRI2P
w.x�BMO�hiI2f2hi_Kf�z�^`_MQ){
;=T�> � OEe �=PRHCDgP�BMIJFGOMO

K
a.hi_EDGFGHCIJFGIJH7PRI

3x1 + 2xy + 3y2 + 4
√

2x = 0.
]uFGIJI�PRO!IdL�OMO�e7^�^`_KfNFGI.hiOKBMLNBMOKPRQ F
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BMDGFGe:hiO�e �MPRHCDgP�BMIJFGOMOKPRO��JDGFG_!w.x BMO�hiI2f2hi_Kf�z�^`_MQ){�+&c`h BMD�hiH7B

e �MPRHCDgP�BMIJFGOMO'PR_
K
k!| PRHCI PRI }2HCoJ_�B�^`Q c�FgBKPR_+e �MPRHCDgP�BMIJFGOMOKPRO�BqhiQ�QSPRI QSP�f�fJPpHdhiQ�DgP$^`H fJPpIlL7P

e7^l^`_KfNFGI.hiO�hieNBKPRI2PCv/^`H�OKPRHCI�FGIJI c7PRe�OK^`_KPRI2P�F fJPRI�IdL7P�^`_MOK^`I2^`_MQphiDgP��.h`BKFgBKPRI z�^`_
R

2
BK^`Q HCFG_V_KPRO=�

IJFGIJH7PRI2P�w.x�fJP�IlL7PVe7^�^`_KfNFGI.hiO�hie�BKPRI2PC{


