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Outline

I Boolean and p-ary vectorial bent functions and their relative
difference sets.

I Extendability.

I p = 2: Vectorial bent functions and their relative difference
sets.

I Interpretation in terms of Knuth cube.
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Bent Functions

f : Z n
2 → Z2 is bent if one of the following holds:

I x 7→ f (x + a)− f (x) is balanced for all a 6= 0.

I |
∑
x

(−1)f (x)+〈a,x〉 |= 2n/2 for all a, where 〈 , 〉 is standard

inner product.

I Df := {x ∈ Z n
2 : f (x) = 1} is a

(2n, 2n−1 ± 2(n−2)/2, 2n−2 ± 2(n−2)/2) difference set (support
of f ).

I Gf := {(x , f (x)) : x ∈ Z n
2 } ⊆ Z n+1

2 is a relative
(2n, 2, 2n, 2n−1) difference set (graph of the function f ).
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An example

f (x1, x2, x3, x4) = x1x2 + x3x4.

The support:

Df = {


1
1
0
0

 ,


1
1
0
1

 ,


1
1
1
0

 ,


0
0
1
1

 ,


0
1
1
1

 ,


1
0
1
1

}.
The graph Gf :


0
0
0
0
0

 ,


0
0
0
1
0

 ,


0
0
1
0
0

 ,


0
0
1
1
1

 ,


0
1
0
0
0

 ,


0
1
0
1
0

 ,


0
1
1
0
0

 ,


0
1
1
1
1

 ,


1
0
0
0
0

 ,


1
0
0
1
0

 ,


1
0
1
0
0

 ,


1
0
1
1
1

 ,


1
1
0
0
1

 ,


1
1
0
1
1

 ,


1
1
1
0
1

 ,


1
1
1
1
0
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(Relative) Difference Sets with Parameters (m, n, k , λ).

I group Γ of order m · n
I subgroup Λ of order n

I subset D ⊆ Γ of order k

I x − y = b has


k solutions if b = 0
0 solutions if b ∈ Λ \ {0}
λ solutions if b /∈ Λ

with x , y ∈ D.

Remark

1. Difference set relative to Λ.

2. If n = 1: (m, k , λ) difference set.

3. D is a transversal of Λ if k = m.

5 / 38



(Relative) Difference Sets with Parameters (m, n, k , λ).

I group Γ of order m · n
I subgroup Λ of order n

I subset D ⊆ Γ of order k

I x − y = b has


k solutions if b = 0
0 solutions if b ∈ Λ \ {0}
λ solutions if b /∈ Λ

with x , y ∈ D.

Remark

1. Difference set relative to Λ.

2. If n = 1: (m, k , λ) difference set.

3. D is a transversal of Λ if k = m.

5 / 38



(Relative) Difference Sets with Parameters (m, n, k , λ).

I group Γ of order m · n
I subgroup Λ of order n

I subset D ⊆ Γ of order k

I x − y = b has


k solutions if b = 0
0 solutions if b ∈ Λ \ {0}
λ solutions if b /∈ Λ

with x , y ∈ D.

Remark

1. Difference set relative to Λ.

2. If n = 1: (m, k , λ) difference set.

3. D is a transversal of Λ if k = m.

5 / 38



(Relative) Difference Sets with Parameters (m, n, k , λ).

I group Γ of order m · n
I subgroup Λ of order n

I subset D ⊆ Γ of order k

I x − y = b has


k solutions if b = 0
0 solutions if b ∈ Λ \ {0}
λ solutions if b /∈ Λ

with x , y ∈ D.

Remark

1. Difference set relative to Λ.

2. If n = 1: (m, k , λ) difference set.

3. D is a transversal of Λ if k = m.

5 / 38



Examples

The following are equivalent:

I f : Z n
2 → Z2 is bent

I Df is (2n, 2n−1 ± 2(n−2)/2, 2n−2 ± 2(n−2)/2) difference set in
Z n
2 . n = 4: (16, 6, 2) or (16, 10, 6).

I Gf is (2n, 2, 2n, 2n−1) difference set relative to
{(0, y) : y ∈ Z2}. n = 4: (16, 2, 16, 8)

Example

1. {0, 1, 3} is a (7, 3, 1) difference set in Z7.

2. {1, 2, 4, 8} is a (5, 3, 4, 1) difference set in Z15 relative to 5Z15.
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Comment on Equivalence

Remark

I Equivalent bent functions give rise to equivalent RDS Gf .

I Equivalent bent functions may give rise to inequivalent
difference sets Df !
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The General Case: p Prime

f : Z n
p → Zp is bent if one of the following holds:

I f (x + a)− f (x) = b has pn−1 solutions for all a 6= 0 and all
b ∈ Zp.

I

|
∑
x

ζ
f (x)+〈a,x〉
p |= pn/2

for all a ∈ Z n
p . (ζp = e2πi/p)

I Gf := {(x , f (x)) : x ∈ Z n
p } ⊆ Z n+1

p is a (pn, p, pn, pn−1)
difference set relative to

Λ = {(0, y) : y ∈ Zp}.
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Quadratic Examples

1. A ∈ GL(n, p) symmetric, full rank, p odd:

f (x) = xT · A · x

2. A ∈ GL(n, 2) symmetric with zero diagonal (alternating), full
rank:

f (x) =
∑
i<j

ai ,jxixj

These are quadratic examples: x 7→ f (x + a)− f (x)− f (a) + f (0)
is linear!
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Vectorial Bent

A mapping F : Z n
p → Z m

p is vecorial bent if

F (x + a)− F (x) = b

has pn−m solutions for all a 6= 0 and all b.

Equivalently:

I Gf : {(x ,F (x)) : x ∈ Z n
p } ⊆ Z n+m

p is a (pn, pm, pn, pn−m)
difference set relative to Λ = {(0, y) : y ∈ Z m

p }.
I All component functions x 7→ 〈b,F (x)〉 with a 6= 0 are bent.

Vectorial bent functions are vector spaces of bent functions!

10 / 38



Vectorial Bent

A mapping F : Z n
p → Z m

p is vecorial bent if

F (x + a)− F (x) = b

has pn−m solutions for all a 6= 0 and all b.

Equivalently:

I Gf : {(x ,F (x)) : x ∈ Z n
p } ⊆ Z n+m

p is a (pn, pm, pn, pn−m)
difference set relative to Λ = {(0, y) : y ∈ Z m

p }.
I All component functions x 7→ 〈b,F (x)〉 with a 6= 0 are bent.

Vectorial bent functions are vector spaces of bent functions!

10 / 38



Vectorial Bent

A mapping F : Z n
p → Z m

p is vecorial bent if

F (x + a)− F (x) = b

has pn−m solutions for all a 6= 0 and all b.

Equivalently:

I Gf : {(x ,F (x)) : x ∈ Z n
p } ⊆ Z n+m

p is a (pn, pm, pn, pn−m)
difference set relative to Λ = {(0, y) : y ∈ Z m

p }.
I All component functions x 7→ 〈b,F (x)〉 with a 6= 0 are bent.

Vectorial bent functions are vector spaces of bent functions!

10 / 38



Planar Functions: n = m

A vectorial bent function F : Z n
p → Z n

p is called planar:

{(x ,F (x)) : x ∈ Z n
p }

is a relative

(pn, pn, pn, 1)− difference set in Z 2n
p .

Remark

1. p must be odd.

2. Projective planes.

3. If F quadratic: Semifield planes.

4. Only one non-quadratic example known in F3n Coulter,
Matthews (1997): x (3a+1)/2 with gcd(a, n) = 1, a odd.
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Examples and Bounds

F : Z n
p → Z m

p vectorial bent

Theorem (Nyberg 1991)

If p = 2 and n even and m ≤ n
2 , hence no planar functions.

Example

1. n = 2m:
F (x , y) = x · π(y) + σ(y)

for permutation π and any mapping σ on Fpm , where
x , y ∈ Fpm .

2. p odd, n = m: Any semifield, for instance F (x) = x2.

12 / 38



Motivation

I Geometers are interested in projective plane constructions.

I Connecting the geometers point of view with the “bent
functions” point of view.

I Understand, how planar functions can be build from bent
functions.

I p = 2: There are semifields, but no planar functions.

13 / 38



Projecting Vectorial Bent Functions

Observation
F : Z n

p → Z m
p is bent, then projection in the output yields

vectorial bent functions F ′ : Z n
p → Z m−1

p .

Question
Are there bent functions Z n

p → Z m
p which are not “projection” of

a bent function Z n
p → Z m+1

p ? non-extandable

I know no example if m = 1:
Classical constructions (Maiorana-McFarland, partial spreads,
o-polynomials) are vectorial, hence non-extandable should hold at
most for non-classical bent functions.
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Özbudak, P. (2014)

Theorem
There are vectorial bent functions not extendable by quadratic
bent functions, for instance

F (x) =

 trace(x2)
trace(ωx10)
trace(ωx4)


with x ∈ F34 as a mapping Z 4

3 → Z 3
3 , ω primitive in F34 .

The proof uses classification of 34 − 34 bent functions.

Remark
Extendability by a non-quadratic function would be a big surprise.
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Number of Quadratic Bent Functions

Theorem

I q even, m = n/2: qm(m−1)∏m
k=1(q2k−1 − 1) alternating

matrices

I q odd, m = (n + 1)/2, n odd: qm(m−1)∏m
k=1(q2k−1 − 1)

symmetric matrices

I q odd, m = n/2, n even: qm(m+1)
∏m

k=1(q2k−1 − 1)
symmetric matrices

of full rank and size n × n.

Remark
The number of quadratic bent functions are known!
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P., Schmidt, Zhou (2014)

Theorem

q even, m = n/2, v = qm(m−1)∏m
k=1(q2k−1 − 1),

[
m
i

]
number of

i -dimensional subspaces in F m
q2 . Then there are

v

qm

m∑
i=0

(−1)iqi(i−1)
[

m
i

]m−i∏
k=1

(q2k−1 − 1)2

quadratic bent functions Z n
2 → Z 2

2 .
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Proof and Problems

I Alternating forms graph: Two alternating matrices A and B
are adjacent if A− B has full rank.

I Strongly regular graph.

I Number of triangles.

Remark

1. Larger cliques correspond to RDS Z n
2 → Z >2

2 .

2. Number of bent-negabent functions are known.
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p Even and Odd: Differences
F : Z n

p → Z m
p vectorial bent:

p = 2 p odd

n even any n
m ≤ n/2 any m ≤ n

However: There are (2n, 2n, 2n, 1) difference sets in Γ = Z n
4

relative to Λ = 2Γ ∼= Z n
2 , hence also in

Z4 × Z2 × . . .× Z2

with n odd using projection.

Example

The set

{
(

0
0

)
,

(
1
0

)
,

(
0
1

)
,

(
3
3

)
}

is a (4, 4, 4, 1) difference set in Z 2
4 relative to 2Z 2

4
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Relative Difference Sets and Symmetric Matrices: p Odd

A vector space V , dim V = m, of regular symmetric matrices in

F(n,n)
p gives rise to a relative difference set with parameters

(pn, pm, pn, pn−m).

in
Γ = Z n

p × Z m
p relative to Λ = {0} × Z m

p .

20 / 38



The Construction

I Choose basis A1, . . .Am of V .

I Construct the quadratic bent functions fi (x) = xTAix .

I

F (x) =

 f1(x)
...

fm(x)


I RDS is graph GF = {(x ,F (x)) : x ∈ Z n

p } of F .

21 / 38



Relative Difference Sets and Symmetric Matrices: p = 2

Theorem
A vector space V , dim V = m, of regular symmetric matrices in

F(n,n)
2 gives rise to a relative difference set with parameters

(2n, 2m, 2n, 2n−m).

The group is
Γ = Z k

4 × Z n+m−2k
2

relative to
Λ = 2Z k

4 × Z m−k
2

where m − k is the dimension of subspace of alternating matrices
in V .

22 / 38



The Construction: p = 2, m = 1

Γ = Z4 × Z2 × . . .× Z2

can be realized as {(x , y) : x ∈ Z n
2 , y ∈ Z2} with

(x , y) + (x ′, y ′) = (x + x ′, y + y ′ + B(x , x ′))

for some non-alternating bilinear form B.

A transversal of

Λ := 2Γ which has order 2

is a function
f : Z n

2 → Z2

and can be also interpreted as

f̃ : Z n−1
2 → Z4.

23 / 38
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The Construction: p = 2, m = 1

Theorem

Gf = {(x , f (x)) : x ∈ Z n
2 }.

is a relative difference set with parameters (2n, 2, 2n, 2n−1) in Γ if
and only if

f (x + a) + f (x) + B(x , a)

is balanced for all a 6= 0.

Such an f gives rise to a Z4-bent function f̃ . If B were alternating,
f gives rise to a bent function.

24 / 38
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An Example
If A is symmetric and non-alternating, the diagonal gives rise to B
and the non-diagonal gives rise to a quadratic function f :

Example

A =

1 0 1
0 1 0
1 0 0


gives rise to

f

x1
x2
x3

 = x1x3

and

B(

x1
x2
x3

 ,

x ′1
x ′2
x ′3

) = x1x ′1 + x2x ′2

.

25 / 38



The General Case

Theorem

I fi : Z n
2 → Z2, i = 1, . . . ,m, not necessarily quadratic!

I Bi , i = 1, . . . ,m symmetric bilinear forms.

Assume that
F (x) :=

∑
i

λi fi (x)

satisfies

F (x + a) + F (x) +
∑
i

λiBi (x , a) is balanced

for all λ1, . . . , λm, then there is a difference set with parameters
(2n, 2m, 2n, 2n−m) in Γ = Z s

4 × Z t
2 relative to Z m

2 (containing 2Γ).
Conversely, such a relative difference set gives rise to functions fi
and Bi .

26 / 38



Main Observations

I Difference sets in Z s
4 × Z t

2 are the same objects as vector
spaces of bent and Z4 bent functions.

I No canonical way to represent Γ = Z n
4 relative to Λ = 2Γ.

One has to use bilinear forms Bi .

I Possible realization of Z n
4 = {(x , y) : x , y ∈ F2n} such that

(x , y) + (x ′, y ′) = (x + x ′, y + y ′ + x · x ′).
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Two special cases

Problem: Representation depends on Bi .

I m = 1: f : F2n → F2 such that

f (x + a) + f (x) + trace(ax)

is balanced for all a 6= 0.

I m = n: F : F2n → F2n such that

F (x + a) + F (x) + a · x

is a permutation for all a 6= 0. planar. Zhou (2013)
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Kantor’s result

Quadratic planar functions describe commutative semifields. and
vice versa. Many examples due to Kantor (2003):

Theorem
K = K0 ⊃ K1 ⊃ · · · ⊃ Kn of characteristic 2 with [K : Kn] odd.
Let tri be the relative trace from K to Ki . Then, for all nonzero
ζ1, . . . , ζn ∈ K, the mapping F : K→ K given by

F (x) =

(
x

n∑
i=1

tri (ζix)

)2

is planar. Examples are inequivalent.
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Power mappings F (x) = α · xd

F (x + a)− F (x) + a · x permutation.

Known power mappings αxd which are planar:

d condition

2k no folklore
2k + 1 n = 2k Schmidt, Zhou

4k(4k + 1) n = 6k Scherr, Zieve

Theorem (Müller, Zieve (2013))

Let d be a positive integer such that d4 ≤ 2m and let c ∈ F2m be
nonzero. Then the function x 7→ αxd is planar on F2m if and only
if d is a power of 2.
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Some Questions

Question

1. Is it possible to find F : Zn
2 → Zn

2 which is non-quadratic but
planar?

2. Can we extend the Kantor result to APN or AB functions?

3. Can we extend the Kantor result to p odd?

32 / 38



Knuth Operation

A semifield is an n-dimensional vector space of invertible n × n
matrices. If

(a
(k)
i ,j ) ∈ GL(n,Zp), k = 1, . . . , n

is basis, then the 5 sets defined by the matrices

(a
(k)
j ,i ), (a

(j)
i ,k), (a

(j)
k,i ), (a

(i)
k,j), (a

(i)
j ,k)

also generate vector spaces of invertible matrices.
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The Symmetric Case: p Odd

If (a
(k)
i ,j )i ,j are symmetric, they describe quadratic forms

fk : Z n
p → Zp. The mapping

F (x) =

f1(x)
...

fn(x)

 is planar:

It satisfies for p odd:

F (x + a)− F (x)− F (a) + F (0)

are (linear) permutations for all a 6= 0. F gives another vector
space of invertible matrices which are not symmetric. Transposing
them gives a third vector space.
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Knuth and Planar Functions: p Odd

If F is quadratic and planar, then the component functions are
quadratic and define symmetric matrices (symplectic spread).

Transposing the linear mappings

x 7→ F (x + a)− F (x)− F (a) + F (0)

can be described in terms of F .

The three semifields in the Knuth orbit of a commutative
semifield (symplectic spread) have a unified description.
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The Symmetric Case: p Even

If (a
(k)
i ,j )i ,j are symmetric, then

F (x + a)− F (x) +


∑

i a
(1)
i ,i xi
...∑

i a
(n)
i ,i xi


are (linear) permutations for all a 6= 0, where the components of F

are given by the quadratic forms defined by the (a
(k)
i ,j )i ,j .

F gives another vector space of invertible matrices which are not
symmetric. Transposing them gives a third vector space.
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Knuth and Planar Functions: p Even

If F is quadratic and planar and p = 2, then the component
functions are quadratic and define, together with the bilinear
forms, symmetric matrices of full rank.

Transposing the linear mappings corresponding to F can be
described in terms of F .

The three semifields in the Knuth orbit of a commutative
semifield have a unified description very similar to the p odd case.
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Conclusion

I Relative difference sets in elementary-abelian groups are
equivalent to vector spaces of bent functions.

I Notion of non-extendable bent functions.

I Difference sets in Γ = Z s
4 × Z t

2 relative to 2Γ are equivalent
to Z4 bent functions, depending on the representation of Γ.

I Explanation of Knuth cube in terms of planar functions.
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