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Background

Each mapping from F5 to I, is called an n-variable Boolean
function. Any n-variable Boolean function f(x) can be generally
represented by its algebraic normal form (ANF):

n—1
f(x0. X1+, Xp—1) = @ )\u(H X",

ueFy =0

where \, € Fo, u = (uo, u1,- -+ ,up—1) € FJ.



Background

f is bent: it has a flat spectrum w.r.t. H®", where

1 1
_ 1 . -
H= 7 ( 1 1 > is the Walsh-Hadamard kernel, and §) is the

tensor product. (equiv. def.: f(x)+ f(x + a) is balanced for all
nonzero a € [F5. )



Background

Riera and Parker [1] introduced some generalized bent criteria for
Boolean functions. They considered Boolean functions that have
flat spectrum with respect to the {/, H, N}" set or subsets thereof,
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@ f is benty: flat w.r.t. at least one
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Background

Riera and Parker [1] introduced some generalized bent criteria for
Boolean functions. They considered Boolean functions that have
flat spectrum with respect to the {/, H, N}" set or subsets thereof,

(10 (1
where/-(0 1>'N_\5<1 —i)'

@ f is benty: flat w.r.t. at least one
Ue {H N} ={®"s Ui | Ui € {H,N}}. (equiv. def.:
f(x)+ f(x+ a)+ a- (s*x) is balanced for all nonzero
a € FJ for some s € F, a* x = (apxo0, -+ ,an—1Xn—1) )
o f is negabent: flat w.rt N®". (equiv. def.:
f(x) 4 f(x+ a) + a- x is balanced for all nonzero a € F3. )

[1] C. Riera, M. G. Parker, “Generalized bent criteria for Boolean functions”,
IEEE Trans. Inf. Theory, vol. 52, no. 9, pp. 4142-4159, Sep. 2006.
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Background

Interesting Problems

e Construct bent-negabent functions (Boolean functions which
are both bent and negabent, two flat spectra) with optimal
degree;

@ Construct Boolean functions which have lots of flat spectra
w.r.t. {/,H, N}" or subsets thereof.
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State of the art (1)

@ In 2007, Parker and Pott [1] showed that quadratic
bent-negabent functions exist for all even m, and gave a
powerful connection between bent and negabent functions.

@ In 2008, Schmidt, Parker, and Pott [2] presented a
construction of bent-negabent functions in 2mn variables
(m > 1) and of degree at most n.

e In 2012, Stanicj et al. [3] proved that the maximum degree of

an n variables negabent functions is [5]. They also gave a

construction of bent-negabent functions of degree 7 + 1 by
using complete permutation polynomials.
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State of the art (2)

@ In 2013, Su, Pott, and Tang [1] gave sufficient and necessary
conditions for a Boolean function to be negabent, and determined
the nega spectrum distribution of negabent functions. They also
presented a construction of bent-negabent functions in 2m-variable
of degree ranging from 2 to m.

@ In 2013, Gangopadhyay, Pasalic, and Stanic3 [2] gave a relationship
between bent, semibent, and bent, functions, and showed that the

maximum possible degree of a bent, function of n-variable is [3].

@ In 2014, Sarkar [3] considered negabent functions over finite fields.
They gave a link between bent and negabent functions via a
quadratic function, and gave a construction for negabent functions
with trace representation that have optimal degree.
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Background

Our contributions

@ Two constructions of Boolean functions which have two flat
spectra with respect to {H, N}" are proposed. Some known
results about bent-negabent functions can be seen as special
cases of our results.

@ Develop recursive formulae for the numbers of flat spectra of
some structural quadratics.
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Notations

® 0 =P y<icken_1XiXk is the clique function;
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U; = H otherwise.



Preliminaries

Notations

0 = @o<ick<n_1 XXk is the clique function;
Zn=A{0,1,....,n—1}, S CZp, and 05 = D, ks jck XiXk-
Xab = (Xa; Xat+1,---,Xp—1), for any integers a < b;

Us = ®"y Ui, where Uy = N if i € S, and

U; = H otherwise.

GL(n,TF3) is the group of all invertible n x n matrices over Fy,

and O(n,[F,) is the orthogonal group of n x n binary matrices
over Fy, i.e., O(n,Fp) = {E € GL(n,FF2) | EET = I}.



Preliminaries

It is shown in [1] that for n even, f + o is bent if and only if f is
negabent, and this had been extended in [2] to the following:

For n even, f @ os is bent if and only if Us(—1) is flat.

[1] M. G. Parker and A. Pott, “On Boolean functions which are bent and
negabent,” Sequences, Subsequences, Consequences, Lecture Notes Comput.
Sci., vol. 4893, pp. 9-23, 2007.

[2] S. Gangopadhyay, E. Pasalic, P. Stanica, “A Note on Generalized Bent
Criteria for Boolean Functions, " IEEE Trans. Inf. Theory 59(5) (2013)
3233-3236.
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Construction 1

Constructions of Boolean functions with two flat spectra e D
Construction 2

Construction 1 (1)

e 0:F7 — 7 and 6(xom) ® Xom: permutations;

e n=2m-+t, t even;

o S = {0, 1, ce ,2m — 1}, 0’5(X07n) = ®i7k65,i<k XXk,
h(XO,n) = X0,m * Xm,2m;

o there exist A € GL(n,F2), b,u € F3, and € € F, such that

0’5(X0,n) = h(Xo,nA ®b)du-xPe.



Construction 1
Construction 2

Constructions of Boolean functions with two flat spectra

Construction 1 (2)

Theorem 1

Let g(Xon) = Xo.m - 0(Xm2m) © r(Xmn), for any r such that g is
bent. Let f(x) = g(xA@® b). Then, for S ={0,1,...,2m — 1},
both f and f @ os are bent. Thus, f(x) is flat with respect to the
Hadamard transform H®", and the 2" x 2" unitary,
U=NN...NHH...H, where there are 2m N's and t H's.

15 /34
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Construction 2

Transforms preserve the bent, property

Es(Ez) : |S| x |S| (S| x |S|) binary matrix obtained from E by
deleting all rows and columns with indices in S (S), where
S=2,\S.
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Construction 2

Constructions of Boolean functions with two flat spectra

Transforms preserve the bent, property

Es(Ez) : |S| x |S| (S| x |S|) binary matrix obtained from E by
deleting all rows and columns with indices in S (S), where
S=2,\S.

Lemma 2

Let x, b, u € F5, e € Fp, and S C Z,,. Let f(x) be an n-variable
Boolean function such that Us(—1)*) is flat. Define

f'(x) = f(xE & b) ® u-x P e, where E is an n X n binary matrix
satisfying the following three conditions:

a) Es is an orthogonal matrix, i.e., Es € O(|S|,F2).

b) Eg=1.

c) Ejx=0,forallj€S, keSandforallj€S, keS.
Then Us(—1)f'®) is also flat.

16 /34
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Constructions of Boolean functions with two flat spectra

Denote by Os(n,F2) the set of matrices that satisfy the three
conditions in Lemma 2.
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Construction 1
Construction 2

Constructions of Boolean functions with two flat spectra

Denote by Os(n,F2) the set of matrices that satisfy the three
conditions in Lemma 2.

Let f(xonA @ b) be a bent Boolean function constructed in
Theorem 1. Then by Lemma 2, for any E € Os(n,F2), and any
a, BeF], veF, f(xon-E-A®a)® S -xon D also has flat
spectrum with respect to the transform Us.

17 /34
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Construction 2

Construction 2 (1)

e n=2m, S CZy, |S| even. S(i) < S(j) if i <J;
@ Let g be the first positive integer such that S(g) > m, i.e.,

. . S
S(/)<mforaIIO§1§q—1,andS(q)Zm,1§q§%;
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Constructions of Boolean functions with two flat spectra o
Construction 2

Construction 2 (1)

n=2m,S C Znp, |S| even. S(i) < S(j) if i < ;
Let g be the first positive integer such that S(q) > m, i.e.,

. , ISI.
S(iy<mforall0<i<g—1,and S(q) >m, 1< q< 5,
os(xon) = D kes.ick XiXk
h5(X0 ): Z‘-Slpilx X Slys

,n =0 S(I) 5(I+%)'

There exist A € GL(n,F,), b,u € F3, and € € [F, such that
05(X07n) = h5(X07nA b b) Du-xonDe.
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Constructions of Boolean functions with two flat spectra 0
Construction 2

Construction 2 (2)

Theorem 2

Let A, b, S be defined as above. Let

T(Xm,2m) = (70(Xm,2m), 71 (Xm 2m); - - » Tm—1(Xm,2m)) be a linear
permutation of F' such that

(7T0(xm,2m) S Xt(0)» 7"'l(xm,2m) @ Xe(1)s " 77rm—1(xm,2m) S Xt(mfl))

is also a linear permutation of FY', where t(i) is defined in (2). Let
f(x0.2m) = X0.m7(Xm,2m) © &(Xm,2m). Then f(xg2mA @ b) is bent
and also flat with respect to the transform Us.

19/34
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Construction 2

Constructions of Boolean functions with two flat spectra

For any v € F§ and v # 0, let ', = diag(v) be an n x n matrix,
where n > 1. There always exists an n x n binary full rank matrix
M such that ', @ M is also full rank.
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Construction 1
Construction 2

Constructions of Boolean functions with two flat spectra

Lemma 3

For any v € F§ and v # 0, let ', = diag(v) be an n x n matrix,
where n > 1. There always exists an n x n binary full rank matrix
M such that ', @ M is also full rank.

| A\

Corollary 2

Let n > 1 be a positive integer. Let T = 0 be a binary n x n
matrix, where each row and each column has weight less than or
equal to 1. Then there always exists an n X n binary full rank
matrix M such that T @ M is also full rank.

20 /34
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Constructions of Boolean functions with two flat spectra o
Construction 2

Proof of theorem 2 (1)

By Lemma 1, it is sufficient to show that

f(x02mA @ b) ® US(XO,Zm)
= f(x02mA @ b) ® hs(x02mA @ b) ® uxg2m D ¢

is bent. We show that f(xg 2m) © hs(xo,2m) is bent. Recall that

IS[/2—1
hs(xo2m) = P XS(i)Xs(j4 131

i=0
ISl/2-1

- @XS( )¥s(iq 151y D EB XS(i)Xs (it 151y
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Constructions of Boolean functions with two flat spectra o
Construction 2

Proof of theorem 2 (2)

Then
g—1
f(x0.2m) ® hs(xo2m) = @XS(i) (7ms(iy (Xm,2m) @ XS(,-JF%)))
=0 m—1
D Xiﬂ'i(xm,Zm) S g/(xm,Zm)7 (1)
i=0,i¢S

where &' (xm 2m) = £(xmam) & /> xs(yxs ;.15
For 0 < i< m—1, define

| 1, ifigs,
(i) = { S(k+ 131y, it i s, @)

where k is an integer such that S(k) = i.



Construction 1

Constructions of Boolean functions with two flat spectra o
Construction 2

Proof of theorem 2 (3)

Define x_1 = 0. Then from (1),

3
—

f(x0.2m) @ hs(x0,2m) = € xi(7i(Xm,2m) ® X¢(j)) © &' (Xm,2m)-

i

I
o

According to Corollary 2, there exists a linear permutation
7(Xm,2m) such that

(WO(xm,Zm) D X¢(0)> 71'l(xm,2m) D Xe1), 7rm—l(xm,Zm) S5 Xt(m—l))

is also a linear permutation of F' = both f(xg 2m) and
f(x0,2m) @ hs(xp 2m) are bent functions.
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Construction 2

Constructions of Boolean functions with two flat spectra

By Lemma 2,

Let f(xp2mA @ b) be a Boolean function constructed in Theorem
2. Then by Lemma 2, for any E € Os(2m,F,), and any

o, BEFIM, v €Ty, f(Xpam E-AD®a)® B xp2m D7 also has
flat spectrum with respect to the transform Us.
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Boolean functions with lots of flat spectra

@ Bent-negabent functions only have two flat spectra.

@ It is of interest to construct Boolean functions of high degree
with as many flat spectra as possible with respect to a set of
unitary transforms.

@ In this section, we give some lower bounds of the numbers of
flat spectra w.r.t. {H, N}" of some Boolean functions, and
develop some recursive formulae for the numbers of flat
spectra of some structural quadratics.
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Let f be a Boolean function of n variables. Then f has at least
n+ 1 flat spectra with respect to transforms in {I, N}©",
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Boolean functions with lots of flat spectra

Lower bounds of flat spectra of some Boolean functions

Let f be a Boolean function of n variables. Then f has at least
n+ 1 flat spectra with respect to transforms in {I, N}©",

| A

Lemma 5

Let f be a bent Boolean function of n variables. Then f has at
least n+ 1 flat spectra with respect to transforms in {H, N}®".

27 /34



Boolean functions with lots of flat spectra

Let f(X0,2m) = X0,m7(Xm,2m) ® 8(Xm,2m) be an MM bent function,
where 7 is a permutation of F5'. Then f(x) is flat with respect to
any transform of the form H®™ (®,";01 R;), where R; € {H, N}
forall0 <i<m-—1.
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Boolean functions with lots of flat spectra

Lemma 6

Let f(X0,2m) = X0,m7(Xm,2m) ® 8(Xm,2m) be an MM bent function,
where 7 is a permutation of F5'. Then f(x) is flat with respect to
any transform of the form H®™ (®,";01 R;), where R; € {H, N}
forall0 <i<m-—1.

Corollary 4

Let f(x0,2m) = X0,mT(Xm,2m) ® 8(Xm,2m) be an MM bent function,
where 7 is a permutation of F5'. Then f(x) has at least m + 2™
flat spectra with respect to transforms in {H, N}®".

A\
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Boolean functions with lots of flat spectra

Numbers of flat spectra of some quadratic functions

Let R|, Ry and Ry be a partition of Zj,.

It is shown in [1] that a quadratic Boolean function will have a flat
spectrum w.r.t. a transform in {/, H, N}" iff a certain modification
of its adjacency matrix has maximum rank mod 2:

[1] C. Riera, M. G. Parker, “Generalized bent criteria for Boolean functions”, IEEE Trans. Inf. Theory, vol. 52, no.

9, pp. 4142-4159, Sep. 2006.
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Boolean functions with lots of flat spectra

Numbers of flat spectra of some quadratic functions

Let R|, Ry and Ry be a partition of Zj,.

It is shown in [1] that a quadratic Boolean function will have a flat
spectrum w.r.t. a transform in {/, H, N}" iff a certain modification
of its adjacency matrix has maximum rank mod 2:

e for i € Ry, we erase the it" row and column
e for i € Ry, we substitute 0 for 1 in position [/, i]
@ for i € Ry, we leave the ith row and column unchanged,

[1] C. Riera, M. G. Parker, “Generalized bent criteria for Boolean functions”, IEEE Trans. Inf. Theory, vol. 52, no.

9, pp. 4142-4159, Sep. 2006.
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Some quadratic Boolean functions

e line function, p;(x) = Z'-’Z_Oz XjXjt1+c-x+d ;
o clique function pc(x) = > g<icjcp 1 X%

@ n clique-line-m clique,

prm(X) = D X xo Xt D XX

0<i<j<n—1 n<i<j<n+m-1
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Boolean functions with lots of flat spectra

Some quadratic Boolean functions

o line function, pi(x) = 3__ Cxixip1Feox+d

e clique function p.(x) = Zo<i<j<n71 XiXj
@ n clique-line-m clique,

prm(X) = D X xo Xt D XX

0<i<j<n—-1 n<i<j<n+m 1

(n, r)-star-line function, p, »y(x) = x i 0 X + 27:_3 XiXi+1;
(n, r) function p(, r)(x),

~ n—=2 r—

p(,,J)(x) = (—1)Zi:r XiXi+1 Hi:é(xi +x + 1);
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Boolean functions with lots of flat spectra

Some quadratic Boolean functions

line function, pj(x) = ZJ o XjXj+1+c-x+d ;

clique function pc(x) = 3 o<icj<p1 X%

n clique-line-m clique,

prm(X) = D X xo Xt D XX

0<i<j<n—-1 n<i<j<n+m 1
(n, r)-star-line function, p, »y(x) = x i 0 X + 27:_3 XiXi+1;
(n, r) function p(, r)(x),

B(nr)(x) = (—1) 291 T3 (0 + X, + 1);

m-star-line-n-star function,
m—2 n+m-—1
fm,n = Xm-1 Zi:o Xi + Xm—1Xm + Xm Z,fm-i,-l Xi

finn = (=1)=2 [T 0 + X1+ 1) [Tt (3 4 xm + 1),
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Function w.rt. {H,N}" w.rt. {I,H}" w.rt. {I,H,N}"
({H, N}™™) ({1, Hy™my ({1, H, Nyt
; 2T (T 1r1vByntl _ (1=vByn+l V3" —a— 3Tt
Line fn ﬁ[(T) - (==%=)"" W S
Clique o HECUT on—1 (n+1)271
n-clique- 3mn — n(ﬂ) omtm—3.
line-m clique - (w) 5. ontm—4 (3nm + 2n+2m + 2)
14+(—1 4+(=1"
+3(HGN(HCDT)
—f
(n, r) star line (r+ 1)% Al B?
+2r71( 1)n7r+1
m-star-
line-n star (2m—1)(2n —1)+2 mn+1 (mn+ m+ n+3)2mtn—2
Star 2n — 1 n (n+1)2" T
~ n+T
B(n,r)(x) . 3 Al B?
72?(71)/17.4»1
fm,n
3.omtn—2 mn+ 1 (mn + m + n + 3)2m+n—2
la= K(InH,r) — \}5[( 1+\/)n7r+1 (1—\/§)n—r+l 1 r(( l+2\/§)n—r _ (1—2\/§)n—r)]‘
*B=k" = 2'}1 (r+14+V3A+ V3" —(r+1—V3)(1— V3"
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Questions and Future work

@ Exact number or lower bound of the flat spectra w.r.t.
transforms in {H, N}" for the Boolean functions in
Constructions 1 and 2.

@ Over the set of all Boolean functions, does the line function
maximize the number of flat spectra w.r.t. {H, N}"?

o Construct Boolean functions of degree greater than 2 that
have lots of flat spectra w.r.t. {H,N}", {I,H}", {I,N}", or
{I,H,N}".

@ Construct self-dual bents functions.
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Questions and Future work

Thank you so much for your time :-)
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