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The importance of permutations over finite fields in applications such as
coding is well known.

Especially useful are sparse permutations but finding their explicit form is
difficult.

In a previous work by Cepak, Charpin, Pasalic [CCP], Gohar Kyureghyan's
work was used to constructed new families of permutations that generalize
many previously used approaches.

The constructions relied on functions admitting linear translators.
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Definitions
Definitions

Linear translator

Let n=rk, 1< k<n. Letf:Fp— IFpk, v E ]F;;n and b fixed in IF'pk.
Then ~ is a b-linear translator of f if

f(x 4+ uy) — f(x) = ub, forall x € Fyn and for all u € F .
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Definitions
Definitions

Linear translator

Let n=rk, 1< k<n. Letf:Fp— IFpk, v E ]FZ,, and b fixed in Fpk.
Then ~ is a b-linear translator of f if

f(x 4+ uy) — f(x) = ub, forall x € Fyn and for all u € F .

Linear structure

When k =1, ~ is usually said to be a b-linear structure of the function f
(where b € ), that is

f(x+7v)—f(x)=0b forall x € Fpn.
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Linear translators

Linear translators

G.Kyureghyan, 2011

Let n = rk, with r, k > 1. Let L be a FF-linear permutation on Fpn, f a
function from F,» onto IFpk, h: ]Fpk — IFpk, v e ]FZn, and b is fixed in IFpk.
Assume that « is a b-linear translator of f. Then

F(x) = L(x) + L(v)h(f(x))

permutes Fpn if and only if g : u+ u+ bh(u) permutes F .

June 8, 2018 4 /16

N.C., E.P., AM.R. Frobenius translators



Linear translators

In [CCP] existence of linear translators in specific families of functions was
considered. Results showed that few types of functions admit a linear
translator.
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Proposition 1, [CCP]

Monomial functions f(x) = x? do not admit linear translators.
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Linear translators

In [CCP] existence of linear translators in specific families of functions was
considered. Results showed that few types of functions admit a linear

translator.

Proposition 1, [CCP]

Monomial functions f(x) = x? do not admit linear translators.

Proposition 2, [CCP]

Let f(x) = Bx' +xJ, i < j, where f : Fpn — Fp, B € Fpe and n = rk,
where r > 1. Then the function f has a linear translator if and only if n is

even, k = 3, and furthermore f(x) = T](x).
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Linear translators

Solution is to
generalise the notion of linear translator!
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Frobenius translators

Frobenius translators

Frobenius translator
Let n=rk, 1 < k < n. Let f be a function from Fp» to ]Fpk, vy E FZn and
b fixed in Fc. Then «y is an (i, b)-Frobenius translator for f if

f(x+uy)—f(x)= uP'b for all x € Fpn and for all u € F

where i =0,..., k — 1.
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Frobenius translators

G.Kyureghyan's construction Theorem was properly generalised to enable
the use of Frobenius translators.

N.C., E.P., AM.R. Frobenius translators June 8, 2018 8 /16



Frobenius translators

G.Kyureghyan's construction Theorem was properly generalised to enable
the use of Frobenius translators.

Generalised Theorem
For n = rk, let h: F,« — F,« be an arbitrary mapping and let v € Fpn be
an (i, b)-Frobenius translator of f : Fpn — T, that is
f(x+ uy) — f(x) = uP b forall x € Fpn and all u € F k. Then, the
mapping . .

G(x) = L(x)" + L(7)" h(f(x)),
where L : Fpn — Fpn is an F-linear permutation, permutes Fpn if and
only if the mapping g(u) = u + bh(u) permutes IF .
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Frobenius translators

Example of functions admitting a Frobenius translator, but not a
linear translator:

Let p=2,n=rkand f:x— T,f(x2ek+1) with1</<r—-1 LetyeF
and u be any element of [Fy«.
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Frobenius translators

Example of functions admitting a Frobenius translator, but not a
linear translator:

Let p=2,n=rkand f:x— T,f(x2ek+1) with1</<r—-1 LetyeF
and u be any element of Fox. Then

2Zk 2nflk

FO) + Flx+ur) = u TP (x(2" 4977 + 277 (2441,

If 72 = then £(x) + f(x + uy) = u? T{(77"+), for all x and all
uc IF2I<.

In that case the function DOES NOT admit a linear translator, but it
DOES admit a Frobenius translator.
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Frobenius translators

Proposition

Let f(x) = Bx' + X, i <j, where f : Fpn — F i, B € Fpn and n = rk,
where r > 1. Then the function f has a Frobenius translator ~ if and only
+3

if nis even, and k = 5. Furthermore, f(x) = xP" +xP""? and 7 is an

. i’ i'+ 8 .
(i",4P" +~P "?)-Frobenius translator.
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Frobenius translators

Proposition

Let f(x) = Bx' + X, i <j, where f : Fpn — F i, B € Fpn and n = rk,
where r > 1. Then the function f has a Frobenius translator ~ if and only
+3

if nis even, and k = 5. Furthermore, f(x) = xP" +xP""? and 7 is an

. i’ i'+ 8 .
(i",4P" +~P "?)-Frobenius translator.

The existence of larger families of cubic functions admitting translators is
still an open problem!
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Frobenius translators

Proposition

Let f(x) = Trgn(x”urpj + axP't1), where i > j and g = p™. Then the
function f has a Frobenius translator if and only if m divides j, j divides i/,
i divides n in such a way that we can write g = p™,j = bm, i = ¢j = cbm,
and n = ri = rcbm for some integers b, c, r,

cbm+-rc

(""" + @) + 47" + a9 = 0, and

T (4 47) 0
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Frobenius translators

Frobenius translators also enabled generalisation of certain constructions
of bent functions.

In Mesnager, 2014, constructions rely on existence of permutations
satisfying the A, property:
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Frobenius translators also enabled generalisation of certain constructions
of bent functions.

In Mesnager, 2014, constructions rely on existence of permutations
satisfying the A, property:

Three pairwise distinct permutations ¢1, @2, ¢3 of Fan are said to satisfy
(A,) if the following conditions hold:

@ ) = ¢1 + @2 + ¢P3 is a permutation of Fan,
o =gttt + o3t
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Frobenius translators

Frobenius translators also enabled generalisation of certain constructions
of bent functions.

In Mesnager, 2014, constructions rely on existence of permutations
satisfying the A, property:

Three pairwise distinct permutations ¢1, ¢2, @3 of Fon are said to satisfy
(Ap) if the following conditions hold:

@ ) = ¢1 + @2 + ¢P3 is a permutation of Fan,
o =gttt + o3t

Using Forbenius translators the family of permutations satisfying these
properties can be vastly expanded.
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Frobenius translators

Generalisation of Proposition 3, [Mesnager, Ongan, Ozbudak 2017]

Let f : Fon — Fok, let L : Fon — Fon be an Fox-linear permutation of Fan,
and let g : Fox — Fox be a permutation. Assume v € F3, and a € 7, are
such that v is an (a, i)-Frobenius translator of f with respect to Fox. Then
the function ¢ : Fon — Fon,

6= 100 + L) ((r0) + )2 |

is a permutation polynomial of Fa» and

67 = 0 (0 (L) 4 i)

2n7i
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Frobenius translators

Generalisation of Theorem 1, [Mesnager, Ongan, Ozbudak 2017]

Let f : Fon — Fok, let L : Fon — Fon be an Fok-linear permutation of Fan,
and let g : Foxk — Fox be a permutation. Assume 71, 7y2,7v3 € [F5, are all
pairwise distinct (a, /)-Frobenius translators of f with respect to Fo«

(a € F,) such that 1 + 72 + 73 is again an (a, i)-Frobenius translator.

2[171
Suppose 71 + 2 + 73 # 0. Set p(x) = (g(f(x)) + @) and

5 = 2 (g7 (122 + £00)
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H(x,y) = Tr(xL(y)) + Tr(L(v1)xp(y)) Tr(L(v2)xp(y)) +

Tr(L(v1)xp(y)) Tr(L(v3)xp(y)) +
Tr(L(v2)xp(y)) Tr(L(v3)xp(y))

is bent. Furthermore, its dual function H* is given by

H(x,y) = Tr(yL™'(x)) + Tr(yayp(L1(x)) Tr(r2yp(LH(x))) +
Tr(my (L™ (x))) Tr(vay (L™ (x))) +
Tr(72yp(L™(x))) Tr(3yA(L ™ (x)))-

—~~
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Frobenius translators

Thank you for your attention
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